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Abstract

This paper extends the previous convergence results in Cerqueti and
Costantini (2008) to a more general case using larger normed set of func-
tions. In this regard, the weight-based convergence of the random ma-
trices and their generalized eigenvalues is obtained under less restrictive

requirements for the weights.
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Introduction

This paper extends the previous convergence results in Cerqueti and Costantini

(2008) to a more general context. The main limit of the approach of the quoted

paper relies on the thinness of the functional spaces used to obtain the con-
vergence of a class of random matrices and their generalized eigenvalues. More
precisely, the weights introduced in Cerqueti and Costantini (2008) belong to

rather small functional sets, and this leads to a not general convergence result.
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In this paper, we relax the restrictive assumptions on the weights of the ran-
dom matrices and we provide a more general approach to obtain the conver-
gence of the generalized eigenvalues. In this respect, we prove that the Sobolev
Spaces used in Cerqueti and Costantini (2008) can be embedded into some larger
normed sets of functions. Specifically, the weights considered in Cerqueti and
Costantini (2008) can be also used in our more general framework, but the con-
verse is not true. It is worth to note that, as we will prove, the new functional
spaces are so wide that they also contain the a large class of polynomials and
the functions that are bounded in [0, 1].

The remaining part of the paper is organized as follows. Section 2 describes the
data generating process and the weighted random matrices. In Section 3 the
main properties of the weights are studied. Section 4 presents the generalized

eigenvalue problem and the main convergence results.

2 Preliminaries

This section contains the notation set and the preliminary definitions used
throughout the paper. Consider the following p-variate integrated process of

a real nonnegative order d, I(d), i.e:
Y, = A % = (1 — L) %, (1)

where V; = (Y;},...,Y/}), & = (¢},...,€) is a zero-mean stationary process, L
is the lag operator, i.e. Le; :=¢;_1, and A :=1— L.

In order to make this study as self-contained as possible, we report the main
Assumptions on the process Y; already stated in Cerqueti and Costantini (2008)

with some discussions.

2.1 Assumptions on the data generating process

We suppose that the process Y; is defined as in (1) and satisfies the following

conditions.
(1) Yo =0.

Condition (4) is not restrictive. Indeed, it is easy to show that if ¥; ~ I(d), then
Y, — Yo ~ I(d).

(7i) The hypotheses of the Wold decomposition theorem are satisfied, i.e.:

€ = chvt—j = C(L)v, t=1,...,n, (2)
j=0



where v; are i.i.d. zero-mean p-variate gaussian variables with variance
equals to the identity matrix of order p, I,, and C(L) is a p-squared

matrix of lag polynomials in the lag operator L.

(#91) There exist Cy (L) and C2(L) p-squared matrices of lag polynomials in the
lag operator L such that all the roots of detC7 (L) are outside the complex
unit circle and C(L) = C1(L)~1Cy(L).

Conditions (i7) and (#i¢) can be interpreted as follows.
The lag polynomial C(L) — C(1) attains value zero at L = 1 with algebraic

multiplicity equals to d. Thus, there exists a lag polynomial
oo
D(L) =Y DyL*
k=0

such that C(L) — C(1) = (1 — L)4D(L). Therefore, we can write:
e = C(L)vy = C(1)v, + [C(L) — C(1)]Jvy = C(1)vy + D(L)(1 — L)% (3)
Let us define w; := D(L)v;. Then, substituting w; into (3), we get:
e = C(1)vy + (1 — L)%wy. (4)
(4) implies that, given Y; ~ I(d), we can write recursively:

ALY, =AY+ = AYTY L+ C(Dut
t
+(1 = L)'wy = A" Yo + (1= L) wy —wo + C(1) Y v, (5)
j=1

where rank(C(1)) =p —r < p.
By Assumptions (i4) and (i47), we have that C(L)v; and D(L)v; are well-defined

stationary processes.

(iv) Let us consider R, the matrix of the eigenvectors of C(1)C(1)T corre-
sponding to the 7 zero eigenvalues. Then the matrix RI D(1)D(1)T R, is

nonsingular.

Assumption (iv) avoids that Y; is an integrated process of order greater than d.
In fact, if there exists d > d such that Y; ~ I(d), then the lag polynomial D(L)
admits a unit root with algebraic multiplicity d — d, and so D(1) is singular.
Therefore R D(1)D(1)T R, is singular, and Assumption (iv) does not hold.



2.2 Random matrices and weights

The random matrices involved in the generalized eigenvalue problem depend on
an integer number m > p and they are based on the following property of the

integrated processes:

if Yy ~ I1(d), then A*Y; is a nonstationary process, for k=0,1,...,d—1,

and A?Y; is a stationary process.

Given k=1,...,m; h =2,...,d, we introduce very generally the functions
F.:[0,1]] =R,  F,eC0,1);

Gkﬁi m,ﬂ — R

We also define

m

Am15::j£:chuka£$ (6)
k=1
and -
By =Y _bnby (7)
k=1
where R e
A{%} Y,...,A7Y n
n k= — [vn (8)
\/fo Jo Fr(2)Fi.(y) min{z, y}dady
and )
nA{A Y
bk i= \{—n’ (9)
Jo Fr(z)?da
with

n d n
d—1 1 _ 1 _
MY LS RAT Y4 Y [ S Gt/ mat Y]
t=1 h=2

t=1
(10)
and

d 1 &
MAY = - > Fi(t/n)A%Y,. (11)

t=1
A,, and B,, represent the random matrices related to the nonstationary and
stationary part of the process, respectively. In order to obtain convergence
results for the random matrices A,, and B,,, the weights F}, and Gy are

defined as follows.

Definition 2.1. Let us fit m € N, d = 2,3,... and (k,h) € {1,...m} x
{2,...,d}.



o Fi € Fn, if and only if the following conditions are satisfied.

1
dim 7 ; Fy(t/n) = 0; (12)
i~ ;tFk(t/n) =0; (13)
1 1
/ Fi(w)F;(y) minfe, y}dady =0, i £ j; (14)
0 0
1 x
| r@ [ Bwdsay=o. iz (15)
1
/ Fi(z)F;(z)dz =0, i# . (16)
0
® Gi.h € Gm.a if and only if
n£+oo nh+5/2 Z t"Grn(t/n) = 0. (17)

Definition 2.1 provides the functional spaces where the weights should be con-
tained in order to ensure the convergence results. The set F,, has been already
explored in Bierens (1997), while the space G, ¢ contains functions satisfying
the asymptotic condition (17). It is worth noting that an asymptotic condition
on the weights is indeed required to obtain our convergence result. We also
stress that, using the previous definition, the convergence result of the random
matrices and their corresponding generalized eigenvalues is obtained in a more
general context than that of Cerqueti and Costantini (2008).

The next section provides the main properties of the weights.

3 Properties of the weights

The properties of the functional class F,, are shown in Bierens (1997). There-
fore, we analyze only G, 4. The first result shows that G,, 4 is not empty, and

is wide enough to contain a large class of polynomial functions.
Proposition 3.1. For each k=1,...,m, h=2,...,d, we consider
Grn :R—R,

such that

N
— a5
x) = E a;x%,
Jj=1



for each N €N, a; e RT, a; eR, Vje{1,...,N}.
The function
Grn = Gl

belongs to Gy, 4.

Proof. Let us fix h = 2,...,d and consider
G n(t/n) = Zaj (t/n)<

for N e N, a; e RT, a; € R, Vj € {l,...,N}. Then we have

th+ocj

h _ .
0= ngrfoo nh+5/2 Zt Za] (t/n)* = nEToo Za] Z nhta; +5/2 =

h+o¢]+1

= nglfoo Z @5 hra;+5/2 nHJroo nf Z a; =0. (18)
‘7_
Thus (17) holds, and the proposition is completely proved. O

Other important features of the functional spaces G’s can be shown. These
properties provide a further support on the fact that the choice of weights be-
longing to the G’s is not restrictive, since it involves a huge number of functions.

We summarize them in the following result.

Theorem 3.2. Fixm € N, m > p, d=2,3,... and (k,h), (k1,h1), (k2, h2) €
{1,...m} x {2,...,d}.

Define the operators
+ :Gm,d X Gm.d — Gm.d
and
RXGma— Gma
such that, for x € [0,1],
G)p (@) + G, (@), 3 (ka ) = (k. ha):

0, otherwise.

(Gl(cl)hl + sz h2)( ) = {
and
A Ghp)(x) =X Gp ().
(i) (Gm.d,+,-) is a real vectorial space.
(11) If G : [0,1] — R, and there exists M > 0 such that
|Gr.n ()] < M, Vael0,1],

then Gy, belongs to Gy, 4.



Proof. (i) We have to show that, for each c¢1,c2 € R, chll)’hl,G,(i),hz € Gm.d,
then

¢1- Gy, T2 Giy, € G

If (k1, h1) # (2, he), then ¢; ~G§€11)7h1 —&—CQ-G,(CZ)h =0, and (17) is obviously
true.
If (k1,h1) = (k2, ha), then the left-hand side of (17) can be rewritten as

1
im e Zthl [chl(Cl)h (t/n) +C2Gk ha (t/n)} =

n—-+oo n
t=1

_ ha 2 e _
B n—>+oo nh1+5/2 Zt Gk1 h1 t/n) + nh1+5/2 Zt Gk1,h1 <t/n) =0,

t=1

and the proof is complete.
(ii) We have

1 - 1 "
0< nh+5/2 Ztth,h(t/n) < Yy Zth|Gk,h(t/n)| <
t=1 t=1

n

M h M h+ 1

- E . 1o — 5 N

< Yy t" < Yy n o~ 0 as n — —+o0.
t=1 g

A standard comparison result gives

lim Zt Gkht/n)—o

n—-4oo nh+0/2
O

Remark 3.3. Theorem 3.2-(ii) assures that every functions that is bounded in
[0,1] belongs to Gy, a. Moreover, Theorem 3.2-(i) and Proposition 3.1 assure

that the entire set of polynomials restricted to [0,1] is contained in G, 4.

In order to make the analysis here more general than the one in Cerqueti and
Costantini (2008), it is shown that the functional space G, 4 contains the weights

used in their approach.

Theorem 3.4. Fixm € N and d > 2.
Assume that G, belongs to the Sobolev Space (H%4=1(0,+00),|| - ||1,a-1), for
each n € N, and that

lim n24™4=2|G, ||y a2 = 0. (19)

Then Gy, € G-



Proof. Assume that (19) holds. Then, it results

lim 724™?=2)|G,||4_2 = 0. (20)

n—-+4oo

Moreover, we have

1 n N
’ nh+5/2 Z tGn
t=1

Holder’s inequality gives

1 n
< < > Gl (21)
t=1

h(p—a)+1

[ 1p1Gally ~n = %|Gully  asn— oo, (22)

@) = 57

for each p,q > 1 such that p~! + ¢! = 1.
The right-hand side of (22) implies that a sufficient condition for G,, € G, 4 is

h(p—a)+1
5/2_ﬁ

[|Gnllg = Op(n )- (23)

The theorem is proved, since (20) implies (23). O

4 Convergence of the generalized eigenvalues

This section contains the statement of the generalized eigenvalue problem with
the related convergence results. Using the findings of the previous sections, we
generalize the outcomes in Cerqueti and Costantini (2008). To this end, the
functional spaces containing the weights is broadened (see Theorem 3.4).

First of all, we introduce the notation that will be used in this section. We
define

Fi(x)W (x)dx
Uy = f(o’l) ()W) k=1,...,m;

\/f(o,n f(0,1) Fy(2)Fy(y) min{z, y}dxdy’

B F.(LYW(1) — f(071) fe (@)W (z)dx B
Dy, = f(o,l) F(z)%de , kE=1,...

where fy is the derivative of Fj.

Moreover, we define the following p-variate standard normally distributed ran-

dom vectors:

[N

i = (RI_,COICWT Ry-r) " R, COOW ~ Ny (0, T-),

L= (B0 R, ) RE OB,

&1 .= (RTD(1)D(1)TR,) 2 RT D(1)®), ~ N,(0,1,),



and we construct the matrix V, ,,, as

Vi = (RY D)D) R,) 2V, (RY D()D(1)"R,)?,

with
m m m -1 m

Vim= (o eirer™) - (L weiwi) (X wiwi™) (X wwiei).
k=1 k=1 k=1 k=1

where

- fol F2(z)dz
\/fol fol Fr(2) Fy(y) min{z, y}dzdy

Theorem 4.1. Suppose that Fi, € F,,, and Gi.p € Gm d-

(1) suppose that 5\17m > > 5\p,m are the ordered solutions of the generalized

etgenvalue problem
det [Am “A(Bum + n_QA;ll)} —0, (24)

and A ym > -+ > Ap_r.m the ordered solutions of
det[z AT @;@;T} =0. (25)
k=1 k=1

Then we have the following convergence in distribution

s s Apmn) = Ay - s Aprm, 0, ..., 0);

(I) let us consider A}, > -+ > Ay, the ordered solutions of the generalized

etgenvalue problem
det [V;fm - )\(RfD(l)D(l)TRT)‘l} —0. (26)

Then the following convergence in distribution holds

02 (Ap—rttms - Apim) = (Ao - A2,).
Proof. The proof is grounded on Anderson et al., (1983) and Bierens, (1997).

We show the result for d = 2 and then we generalize the proof for d > 2.

e Case d = 2.

By definition of the data generating process, we can write recursively

t—1 t—1
. t(t+1
Y = ZAYt—j = Z(ﬂ +1)e—j = ( 5 ) “€1. (27)
§j=0 §j=0



By (27), we have

1 « R tt+1 R
FZGka(t/n)Yt =g Zkag(t/n) ( 5 ) ~oa ZGk,g(t/n)tQ,
t=1 t=1 t=1
(28)
as n — +oo. Therefore
MY,AY 1 n 1 n
C = — F) AY, + —— Y; ~
Vi i 2 FROMAY Sn S Gt/
~ L zn:Fk(t/n)AY + #61 zn:Gk (t/n)t2 (29)
ny/n — b p2+5/2 po 2 ’

Since Gi,n € G, 4, the second addend of the right-term side of (29) van-
ishes as n — +o0. Thus, the set of Assumptions in Subsection 2.1 and
Fy, € F,, lead to the hypotheses of a well-known and rather technical con-
vergence in distribution result due to Bierens (1997, Lemma 1), that can

be written as:
L S /AT Y ~ COWay [T T Fr(@) Fr(y) min{e, yhdady,

ﬁ Z?:l Fk(t/n)AdY,} ~ C(].)(I)]“ /f(O,l) Fk(l')2d$

as n — +00, jointly for k =1,...,m.
By (30) we obtain the thesis.

(30)

Case d > 2.
Consider Y ~ I(d), with d > 2 integer.
If h e {2,...,d}, then

h t—1

Ad*h)/t ~ Z Z Ad7h+i}/1f—j ~ th€1 (31>

i=1 j=0
Thus, we have

1 & _ 1 -

7 2L Grnt/mATY ~ oma d Gralt/n)t',  (32)
t=1 t=1

as n — +oo. Therefore

Y,AY,..., At
M,

1 n d 1 n B
= ﬁ;mt/nmm}; [W;Gk,h@/nw ", ~

n d n
S RamAY Y [ S G| (e
t=1 h=2 t=1

10



and Gy, € Gy, q implies

d

n

Analogously to the previous case, using the Assumptions in Subsection
2.1, F}, € F,, and Lemma 1 in Bierens, (1997), we obtain the thesis.

The theorem is completely proved.
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