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Abstract 

This study applied newly developed multivariate statistical models to estimating 

the mechanical properties of recycled aggregate concrete cylinder encased by fiber 

reinforced polymer (FRP). Two different types of RFPs were applied, namely flax 

FRP and polyester FRP. Ten independent variables were predefined including the 

FRP type and cylinder size. It was found that several mixed models outperformed the 

traditional linear regression approach, based on the accuracy and residual value 

distribution. Individual factor analysis indicated that the fiber thickness and layer 

number had more significant impacts on the strength and strain of FRP-encased 

concrete’s transitional point, compared to their impacts at the ultimate state.      
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Concrete is the most widely consumed construction material world[1]. It accounts 

for 50% to 70% of total construction and demolition (C&D) wastes[2]. Crushed 

bricks are another widely seen C&D wastes in developing countries including China, 

where the overwhelming C&D wastes generated are in an urgent need of diversion as 

indicated by Jin et al [3]. Recycling and reusing old concrete and bricks from C&D 

wastes in recycled aggregate concrete (RAC) production has been widely studied[3]. 

The replacement percentage of recycled aggregate (RA) to virgin aggregate in 

concrete mix design varied among studies, from below 30% [4] to 100%[5]. Adding 

more recycled contents could cause negative effects in concrete properties such as 

strength, and durability [6]. Therefore, optimizing the sustainability and quality of 

concrete is an issue as industry practitioners are concerned on the inferior quality of 

recycled products [7]. There have been different ways that have been studied to make 

up the inferior quality of concrete by using recycled contents, such as adding proper 

supplementary cementitious materials in mix design [8], and selecting the proper 

source of RA [9].   

Confining concrete specimens has been found effective to improve the 

mechanical properties according to multiple studies [10, 11]. More recently, the 

research of fiber reinforced polymer (FRP)-confined concrete specimens have been 

extended from conventional concrete [12] to RAC, such as carbon FRP and glass 

FRP[13, 14]. The problem of applying carbon FRP and glass FRP in civil engineering 

is their higher cost and not being environmentally friendly [15]. Alternative types of 

FRPs have been tried to reduce the cost and environmental impacts of carbon FRP 

and glass FRP, such as the plant-based natural flax FRP (FFRP) [16], and the 

polyester FRP (PFRP)[15]. In recent years, researchers [15, 17] have applied FFRP 

and PFRP to encase concrete specimens containing RAs. Mechanical properties of 
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FRP-encased RAC specimens were tested [15, 17], including the stress and strain at 

transitional points and ultimate failure state.  

Statistical analyses were applied by Huang et al. [15]to study the correlational 

relationship between the aforementioned mechanical properties (i.e., stress or strain) 

and individual independent variables (IVs) such as specimen size, slenderness ratio, 

and confinement condition of FRP, etc. The limitation of the single factor variance 

analysis was that it could not evaluate or measure the effects of multiple IVs. There is 

also a lack of quantitative and comprehensive measurement of these multiple IVs’ 

impacts on the mechanical properties of FRP-confined RAC specimens. Various 

analytical and modeling methods have been applied in predicting concrete properties, 

such as regression analysis[18], neural network[19], fuzzy logic[20], computer 

programming[21], and other data mining algorithms [22, 23]. These multiple data 

analytical methods have been widely used to predict concrete mechanical properties, 

including compressive strength [24, 25], structural capacity [26, 27], as well as 

structural or shrinkage behaviour [28, 29]. These methods adopted various IVs in 

predicting the target RRVs, such as the mix design involving environmentally friendly 

or “green” concrete materials [30, 31].   

A problem with applying these data analytical methods in predicting concrete 

performance was that there has been insufficient inclusion of a comprehensive list of 

multiple IVs [32]. There have not been enough studies focusing on measuring the 

individual effect of each IV in the RRV targeting on concrete performance. The 

application of data analytical approach in evaluating the performance of 

FRP-confined concrete is limited to single linear approach[17]. Multiple potential IVs 

that influence RRVs within FRP-confined concrete specimens need to be studied 

simultaneously to explore the relative significance of these IVs, such as specimen size, 
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slenderness ratio, engineering properties of RFP sheets, and the originally unconfined 

concrete properties identified from multiple previous studies [15, 33]. As the research 

of applying FRPs in improving concrete performance, including adopting different 

types of FRPs (e.g., PFRP and FFRP) in RAC, is gaining more attention according to 

existing studies [34, 35], there is a rising need to apply a proper data analytical 

method incorporating these multiple IVs in predicting properties of concrete confined 

by different FRPs.  

Applying statistical or mathematical models in the research of cement-based 

composites is not considered new [32]. Multiple IVs involving concrete mix design 

(water-to-cement ratio) were adopted by multiple studies [36, 37]. These studies used 

single IV or linear regression approach. The traditional simple regression methods are 

likely to generate biased statistical results [38]. The other limitation is the accuracy of 

predication measured by determination coefficient (i.e., R2 value). A review of 

existing studies [37, 39] adopting regression models in estimating concrete 

mechanical properties showed relatively lower accuracy withR2 value below 0.700 or 

even 0.600. Although the desired R2 value depends on the decision-making context or 

research objectives and it could vary from 10% to 99%[40],a fairly highR2 value is 

expected in the predictionof concrete properties. For example, it is not uncommon to 

see R2 value higher than 0.9000 according to the study of Omran et al. [24].So far 

these non-linear or mixed statistical methods have not been widely applied in 

evaluating concrete properties, especially in FRP-confined RAC specimens to 

improve the predication accuracy. Researchers believe that these statistical methods 

could further quantify the effects of multiple IVs in FRP-confined concrete properties.      

This study aims to introduce the multivariate regression analysis as the alternative 

approach to establishing the correlational relationship between the mechanical 
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properties of FFRP and PFRP-encased concrete specimens and a comprehensive list 

of IVs. Concrete specimens adopted in this research contain aggregates from recycled 

concrete and clay brisk wastes (i.e., RAC-RCBA). Totally ten independent variables 

(e.g., tensile strength of PFRP sheets) are adopted in the multivariate regression 

model to predicting four major response random variables (RRVs), including strength 

and strain at transitional and ultimate points. Multiple multivariate regression models 

are proposed and tested of their accuracy, including non-linear and mixed models 

initiated by Jin et al. [32]. This study contributes to the existing scholarly work of 

FRP-confined RAC in that: 1) proposing and testing multiple non-linear and mixed 

regression models as alternative methods to the traditional linear or single-factor 

approach in estimating the mechanical properties of FRP-confined RAC; 2) adopting 

a comprehensive list of IVs (e.g., size, FRP properties) in these regression models and 

testing their effects; 3) comparing these multiple models in their accuracy and 

identifying the best-fit model; and 4) investigating individual IVs’ effects in RRVs.  

The rest of this study consists of these following sections: 1) Section 2 describes 

the materials and experimental procedure in obtaining the data needed for multivariate 

regression analysis; 2) Section 3 demonstrates and discusses the accuracies of various 

multivariate regression models;  and 3) Section 4concludes the study.    

 

2.Methods and Materials 

2.1. Materials 

Recycled concrete and clay brick wastes (i.e., RAC-RCBA)were used as the 

recycled coarse aggregate in this study. They were collected from Jinke Resource 

Recycling Co. located in Henan Province China. They consisted of around 60% of 

clay brick aggregates and 40% of recycled concrete and mortar aggregates by mass 
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content. Both recycled and natural coarse aggregates in this research had the particle 

size ranging from 5mm to 15mm. Fig.1 provides the image of recycled aggregates 

mixed with clay bricks, old concrete, and mortar.  

 

Fig.1. Recycled aggregates used in the research of RAC-RCBA 

Tests were conducted to investigate the aggregates’ properties which are 

presented in Table 1.  

Table 1.  

Properties of aggregates 

Aggregate Source 
Apparent 

density 
(g/cm3) 

Particle size 
(mm) 

Water 
absorption 

rate 
Virgin coarse 

aggregate macadam 2.52 5-15 0.91% 

RAC-RCBA 
60% of clay brick aggregates, 
40% of recycled concrete and 

mortar aggregates 

 
2.36 5-15 8.09% 

Natural fine 
aggregate river sand 1.58  0.35-0.5 5.59% 

 

Ordinary Portland cement with strength of 42.5 MPa was used for the concrete 

mixture. Concrete specimens were cured in the room temperature of (20±3)℃under 

the humidity of 95% for 28 days. Fig.2 displays these two types of polyester fiber 

reinforced polymers (RFPs) tubes that were used to encase concrete specimens.   
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 Polyester FRP (PFRP)tube Flax FRP (FFRP) tubes 
Fig.2. Examples of PFRP and FFRP tubes. 
 

These tubes showcased in Fig.2 had different sizes. The mechanical properties of 

these two types of FRPs were determined following ASTM D3039-M08[41]. FRPs 

were measured of their tensile strength, strain and elastic modulus using flat coupon 

tests. Configurations of these flat coupons can be found in Huang et al. [15] and Yan 

et al. [17]. Table 2lists the results of coupon tests. 

Table 2. 

Average results of flat coupon tests to PFRP and FFRP 

Type of 
FRP 

Number of FRP 
layers 

Number of 
specimens 

Thickness 
(mm) 

Tensile 
stress (MPa) 

Tensile 
strain (%) 

Elastic modulus 
(GPa) 

FFRP 3 5 1.85 85.1 2.59 3.68 
6 5 3.69 81.3 2.94 3.22 
9 5 5.54 69.3 3.16 2.66 

PFRP 2 6 1.72 31.52 8.50 0.89 
 4 6 2.89 37.51 11.61 0.92 
 6 6 4.25 40.81 14.87 0.96 
 8 6 5.12 43.48 16.04 0.99 
 12 6 7.06 41.65 17.66 0.84 

 

It can be found from Table 2 that PFRP has lower tensile strength but 

significantly higher tensile strain compared to FFRP.  

 

2.2. Concrete mix design 
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In this study, RRVs(i.e., response random variables) and IVs (i.e., independent 

variables) come from totally 102 axial compression test samples which consistedof 

PFRP-confined concrete containing aggregates from RAC-RCBA, as well as 

FFRP-confined concrete specimens with RAC-RCBA.A total of 66 cylindrical 

specimens of PFRP-confined RAC-RCBA and 36 specimens of FFRP-confined 

RAC-RCBA were adopted for the data analysis. The mix design parameters (e.g., 

water-to-cement ratios and replacement ratios of RAC-RCBA to natural aggregates) 

were designed and the 7-day standard cube compressive strength of RAC-CBA 

specimens was performed by Huang et al. [15] and Yan et al. [17]in the trial tests. The 

trial tests indicated that a 70% replacement rate of RAC-RCBA with other mix design 

parameters shown in Table 3could achieve the optimized 7-day compressive strength. 

As seen in Table 3, four different types of mix design of concrete specimens were 

applied to prepare the concrete specimens. 

Table 3.  

Mix design of concrete specimens for FRP-confined RAC-RCBA 

Type of 
RAC-RCBA 

Water 
(kg/m3) 

Portland 
Cement 
(kg/m3) 

Naturalfine 
aggregate 
(kg/m3) 

Naturalc
oarse 

aggregate 
(kg/m3) 

Recycled coarse aggregate (kg/m3) Replacement 
ratio of 

recycled coarse 
aggregate 

Recycled clay 
brick aggregate 

(60%) 

Recycled concrete 
and mortar 

aggregate (40%) 
FFRP-C2 297.5 538.3 520.2 312.4 729.0 70% 
FFFP-C3 237.5 600.9 520.2 312.4 729.0 70% 
PFRP-C2 329.11 470.22 600.22 360.13 600.22 70% 
PFRP-C3 329.11 658.22 537.56 322.53 537.56 70% 

 

C2 and C3 in Table 3indicate the design strength of unconfined concrete 

specimens at Day 28. C2 refer to the compressive strength between 20 MPa and 30 

MPa, and C3 means the strength between 30 MPa and 40 MPa. Ordinary Portland 

cement with the strength of 42.5 MPa was used in the mix design.  

2.3. Test method 
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All specimens, including unconfined ones and those encased by PFRP or FFRP, 

were tested of their mechanical properties under monotonic axial compression. A 

servo-hydraulic compression test machine (MTS SANS YAW6506, hydraulic, 

Shenzhen) following ASTM C39[42] was used in this study. Specimens were loaded 

by a displacement-control model until they failed. The displacement rate was 

proportional to the cylinder height (i.e., 0.07 mm/min, 0.13 mm/min, 0.2 mm/min, 

0.27 mm/min, 0.3 mm/min, and 0.4 mm/min for cylinders with the height of 100 mm, 

200 mm, 300 mm, 400 mm, 450 mm, and 600 mm respectively). As described in 

Huang et al. [15] and Yan et al. [17], four axial strain gauges and four loop strain 

gauges were installed symmetrically on the surface at the middle-height of specimens 

to monitor the axial strain and loop strainrespectively. Another four axial strain 

gauges were installed on the surface at two ends of specimens to monitor the axial 

strain of FRP tubes. The axial displacement was measured by built-in linear variable 

displacement transducers of the compressive test machine. The axial displacement 

and strain, lateral strain, and applied load were recorded simultaneously during the 

test.  

2.4. Defining IVs in estimating the behavior of FRP tube-confined RCA-RCBA 

Following the tests illustrated by Yan et al. [17], the data of mechanical 

properties (i.e., RRVs) of concrete specimens and potential IVs that could affect 

RRVs are defined in Table 4. These IVs were defined through a comprehensive 

summary from previous studies, for example, the size of FRP tube measured by 

cylinder diameter and the slenderness ratio [15].    

Table 4.  

Definitions of RRVs and IVs in the multivariate regression analysis  

Variables Symbol Definition 
Y1 fct(MPa) Strength at the transitional point for RCA-RCBA specimens  
Y2 εct Strain at the transitional point 
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Y3 fcu(MPa) Strength at the transitional point for RCA-RCBA specimens  
Y4 εcu Strain at the transitional point 
X1 ρ𝑓𝑓𝑟𝑟𝑝𝑝 Fiber volume content of the specimens  
X2

 𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝(mm) Thickness of the FRP tube  
X3

 n𝑓𝑓𝑟𝑟𝑝𝑝 Number of layers in FRP tubes 
X4 f𝑓𝑓𝑟𝑟𝑝𝑝(MPa) Tensile strength of FRP sheets 
X5 ε𝑓𝑓𝑟𝑟𝑝𝑝 Tensile strain of FRP sheets 
X6 E𝑓𝑓𝑟𝑟𝑝𝑝 Elastic modulus of FRP sheets 
X7

 𝑓𝑓𝑐𝑐𝑜𝑜(Mpa) Compressive strength of the unconfined RAC-RCBA cylinder  
X8 Ec Elastic modulus of the cylinders 
X9 d Cylinder diameter 
X10 h/d Ratio of cylinder height to diameter representing the slenderness   
 

These four different RRVs were defined according to the axial stress-strain 

monitoring during the axial tests. Fig.3 illustrates the stress-strain developments for 

both unconfined and FRP-confined specimens.      

 

  
a) Axial stress-strain curves for unconfined 

concrete cylinders 
b) Axial stress-strain curves for confined 

concrete cylinders 
Fig.3. Definition of axial stress and strain at transitional and ultimate states (adapted 
from Huang et al.[15].)  
 

The first two RRVs (i.e., fct and εct) represent the stress and strain at the 

transitional point (TP), and the latter two RRVs(i.e., fcu and εcu) denote the stress and 

strain at the failure of specimens under tests. In both types of stress-strain curves 

described in Fig.3, these is an initial stage displaying the ascending branch until the 

stress reaches the peak which is defined as TP. Afterwards, there would be a 

descending and non-linear trend until the specimen fails. The difference between the 

two types of curves in Fig.3 lies in that the ultimate deformation (i.e., εcu) in 

FRP-confined specimens is significantly higher.   

TP 
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More details of IVs related to the characteristics of cylindrical specimens are 

listed in Table 5. 

Table 5. 

Details of IVs related to cylindrical specimens 

Specimen Number of 
Specimens 

a𝜌𝜌𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡𝑓𝑓𝑓𝑓𝑓𝑓 
(mm) 

𝑛𝑛𝑓𝑓𝑓𝑓𝑓𝑓 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑓𝑓𝑐𝑐𝑐𝑐 
(MPa) 

Average 
Ec 

(N/mm2) 

𝑑𝑑 
(mm) 

ℎ 
(m
m) 

h/
d 

C2P0S1 3 0.000
 

0 0 16.9 18818.00 50 100 2 
C2P0S2 3 0.000

 
0 0 22.1 19583.00 100 200 2 

C2P0M 3 0.000
 

0 0 25.2 21481.00 150 300 2 
C2P0L1 3 0.000

 
0 0 24.7 20109.00 200 400 2 

C2P0L2 3 0.000
 

0 0 23.1 19222.00 300 600 2 
C2P0T1 3 0.000

 
0 0 24.1 21390.00 150 450 3 

C2P0T2 3 0.000
 

0 0 23.1 20730.00 150 600 4 
C2P2S1 3 0.065

 
1.72 2 16.9 21268.00 50 100 2 

C2P4S2 3 0.065
 

2.89 4 22.1 22181.00 100 200 2 
C2P6M 3 0.065

 
4.25 6 25.2 23306.00 150 300 2 

C2P8L1 3 0.065
 

5.12 8 24.7 18580.00 200 400 2 
C2P12L2 3 0.065

 
7.06 1

 
23.1 17822.00 300 600 2 

C2P6T1 3 0.065
 

4.25 6 24.1 21469.00 150 450 3 
C2P6T2 3 0.065

 
4.25 6 23.1 19212.00 150 600 4 

C3P0M 3 0.000
 

0 0 33.2 21429.00 150 300 2 
C3P2S1 3 0.065

 
1.72 2 33.1 22196.00 50 100 2 

C3P4S2 3 0.065
 

2.89 4 33.1 21838.00 100 200 2 
C3P6M 3 0.065

 
4.25 6 33.2 22175.00 150 300 2 

C3P8L1 3 0.065
 

5.12 8 33.1 21550.00 200 400 2 
C3P12L2 3 0.065

 
7.06 1

 
33.0 20233.00 300 600 2 

C3P6T1 3 0.065
 

4.25 6 33.1 22947.00 150 450 3 
C3P6T2 3 0.065

 
4.25 6 33.2 22398.00 150 600 4 

C2F0M 3 0.000
 

0 0 27.5 15728.27 150 300 2 
C3F0M 3 0.000

 
0 0 32.8 16038.50 150 300 2 

C3F0S 3 0.000
 

0 0 23.3 15415.16 75 150 2 
C3F0L2 3 0.000

 
0 0 27.7 15476.80 300 600 2 

C2F3M 3 0.049
 

1.845 3 27.5 14354.05 150 300 2 
C2F6M 3 0.098

 
3.690 6 27.5 14703.76 150 300 2 

C2F9M 3 0.147
 

5.535 9 27.6 13664.19 150 300 2 
C3F3M 3 0.049

 
1.845 3 32.8 16404.51 150 300 2 

C3F6M 3 0.098
 

3.690 6 32.9 15972.29 150 300 2 
C3F9M 3 0.147

 
5.535 9 32.8 16043.55 150 300 2 

C3F3S 3 0.098
 

1.845 3 23.3 12828.42 75 150 2 
C3F12L2 3 0.098

 
7.380 1

 
27.7 15320.86 300 600 2 

a: Fiber volume content of the specimens was calculated following the formula provided in Huang et al. 
[15].   

 

The definitions of IVs listed in Table 5 can be found in Table 4. For example, 𝑓𝑓𝑐𝑐𝑜𝑜 

is defined as the compressive strength of the unconfined RAC-RCBA cylinder, and 
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𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝representsthe thickness of the FRP tube.The different types of specimens are 

defined with a six-digit term in Table 5. For example, C2P2S1 indicates concrete 

specimen with the unconfined design strength between 20 and 30 MPa, encased in 

two-layer PFRP and small-sized cylinders. The fourth digit which is a numerical 

value means the number ofFRP layers. P0 or F0 would mean no layer of FRP (i.e., 

unconfined specimens). The size of specimens (i.e., S, M, L, and T) may be further 

divided into sub-categories, withS1 representing 50mm ×100mm,S2 denoting 100mm 

×200mm, M standingfor 150mm ×300mm,L1being200mm ×400mm, L2 

indicating300mm×600mm, T1meaning150mm ×450mm, and T2 representing150mm 

×600mm. 

2.3. Development of non-linear and mixed regression models in predicting the 
behavior of FRP tube-encased RCA-RCBA 
 

Multiple potential regression models were proposed and tested in their accuracy 

of predicting the RRVs of RFP-encased concrete specimens. These models were 

initiated by Jin et al.[32]by linking multiple IVs in various forms (e.g., linear, 

non-linear, and mixed methods). They started from the conventional linear approach 

described in Eq.(1).  

Model 1: Multivariate linear regression analysis 

𝑌𝑌𝑖𝑖 = 𝛼𝛼 + �𝛽𝛽𝑗𝑗

𝑘𝑘

𝑗𝑗=1

𝑋𝑋𝑖𝑖𝑖𝑖 ,     𝑖𝑖 = 1, … ,𝑛𝑛 (1) 

where𝛼𝛼 and 𝛽𝛽are constants, and 𝛽𝛽𝑗𝑗 is the constant accompanying the jth IV. The 

numerical value j ranges from 1 to k, which is the total number of IVs (k equals to 

10in this study). The value i ranges from 1 to 4, corresponding to each RRV defined 

in Table 3. Besides the linear approach described in Eq.(1), non-linear and mixed 

models were also proposed by Jin et al.[32]as shown in Eqs. (2)-(5). 

 Model 2: A non-linear model involving natural logarithms 
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𝑙𝑙𝑙𝑙𝑌𝑌𝑖𝑖 = 𝛼𝛼 + �𝛽𝛽𝑗𝑗

𝑘𝑘

𝑗𝑗=1

𝑋𝑋𝑖𝑖𝑖𝑖 ,   𝑖𝑖 = 1, … ,𝑛𝑛 (2) 

 

Model 3: A second type of non-linear model involving natural logarithms 

𝑙𝑙𝑙𝑙𝑌𝑌𝑖𝑖 = 𝛼𝛼 + �𝛽𝛽𝑗𝑗

𝑘𝑘

𝑗𝑗=1

𝑙𝑙𝑙𝑙𝑙𝑙𝑖𝑖𝑖𝑖 ,   𝑖𝑖 = 1, … ,𝑛𝑛 (3) 

 

Mixed models from (4) to (k+3)   

𝑋𝑋𝑖𝑖𝑖𝑖
𝑌𝑌𝑖𝑖

= 𝛼𝛼 + �𝛽𝛽𝑙𝑙

𝑘𝑘

𝑙𝑙=1

𝑋𝑋𝑖𝑖𝑖𝑖 , 𝑖𝑖 = 1, … ,𝑛𝑛,       𝑗𝑗 = 1, … , 𝑘𝑘 (4) 

 

Mixed models from (k+4) to (2k+3) 

𝑙𝑙𝑙𝑙𝑙𝑙𝑖𝑖𝑖𝑖
𝑌𝑌𝑖𝑖

= 𝛼𝛼 + �𝛽𝛽𝑙𝑙

𝑘𝑘

𝑙𝑙=1

𝑙𝑙𝑙𝑙𝑙𝑙𝑖𝑖𝑖𝑖 , 𝑖𝑖 = 1, … ,𝑛𝑛,       𝑗𝑗 = 1, … , 𝑘𝑘 (5) 

 

Totally (2k+3) models were proposed for each RRV. All the models were 

non-linear except Model 1. However, all these models were in the linear formats by 

introducing the natural logarithm or mixed approach shown in Eq.(4) and Eq.(5). The 

statistical software Minitab was adopted to assist the computation of R2and residual 

standard deviation for each model, which were then used to compare the accuracy 

among models. Analysis of Variance (ANOVA) were used to test the significance of 

each model at 5% level of significance, based on the null hypothesis that the target 

RRV is not significantly correlated to these IVs using the selected regression model. 

ANOVA provided the F value and a corresponding p value. A p value lower than 0.05 

would reject the null hypothesis and suggest the significant correlation between the 

IVs and the target RRV using the selected model. Besides ANOVA, coefficient 
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analysis was also adopted to measure the individual IVs’ effects in the target RRV. A 

t value and a corresponding p value was computed for each individual IV. The p value 

lower than 0.05 would indicate the significant effect of this IV in the target RRV. 

Residual analysis was also conducted to study the distribution and values of residuals, 

which displayed the differences between the predicted RRV and the experimental 

values. 

 

3. Results and Discussion 

The predication performance of the 23 established multivariate models applied in 

the strength and strain for FRP concrete specimens is evaluated. The best-fit models 

are identified in predicting these four different types of RRVs (i.e., Y1, Y2, Y3, and 

Y4identified in Table 4). Residual analysis is conducted for these best-fit models. The 

individual factors (i.e., IVs) are analyzed of their effects in each of the four types of 

RRVs. The internal correlation among the ten IVs are then analyzed before 

shortlisting the IVs and rerunning the multivariate regression analysis.    

3.1. Comparison among the 23 models  

The multivariate regression analysis for the four different RRVs related to stress 

and strain illustrated in Fig.3is summarized in Table 6, where the 23 different 

statistical models are displayed with their prediction performance measured by R2 

values.  

Table 6. 

Multivariate regression results in predicting stress and strain values in the transitional 

and ultimate states of FRP specimens    

  Y1-related  Y2-related Y3-related Y4-related 
RRV R2 RRV R2 RRV R2 RRV R2 

Linear 1 fct 0.915 εct 0.907 fcu 0.893 εcu 0.862 

Non-linear 2 ln(fct) 0.920 ln(εct) 0.846 ln(fcu) 0.870 ln(εcu) 0.928 
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3 ln(fct) 0.924 ln(εct) 0.840 ln(fcu) 0.872 ln(εcu) 0.922 

Mixed 
models 

4 ρ𝑓𝑓𝑟𝑟𝑝𝑝 /fct 0.973 ρ𝑓𝑓𝑟𝑟𝑝𝑝 /εct 0.938 ρ𝑓𝑓𝑟𝑟𝑝𝑝 /fcu 0.984 ρ𝑓𝑓𝑟𝑟𝑝𝑝 /εcu 0.848 

5 𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 / fct 0.980 𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 / εct 0.975 𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 / fcu 0.990 𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 / εcu 0.905 

6 n𝑓𝑓𝑟𝑟𝑝𝑝/ fct 0.980 n𝑓𝑓𝑟𝑟𝑝𝑝/ εct 0.976 n𝑓𝑓𝑟𝑟𝑝𝑝/ fcu 0.992 n𝑓𝑓𝑟𝑟𝑝𝑝/ εcu 0.923 

7 f𝑓𝑓𝑟𝑟𝑝𝑝/ fct 0.974 f𝑓𝑓𝑟𝑟𝑝𝑝/ εct 0.950 f𝑓𝑓𝑟𝑟𝑝𝑝/ fcu 0.983 f𝑓𝑓𝑟𝑟𝑝𝑝/ εcu 0.894 

8 ε𝑓𝑓𝑟𝑟𝑝𝑝/ fct 0.983 ε𝑓𝑓𝑟𝑟𝑝𝑝/ εct 0.975 ε𝑓𝑓𝑟𝑟𝑝𝑝/ fcu 0.992 ε𝑓𝑓𝑟𝑟𝑝𝑝/ εcu 0.877 

9 E𝑓𝑓𝑟𝑟𝑝𝑝/ fct 0.977 E𝑓𝑓𝑟𝑟𝑝𝑝/ εct 0.939 E𝑓𝑓𝑟𝑟𝑝𝑝/ fcu 0.983 E𝑓𝑓𝑟𝑟𝑝𝑝/ εcu 0.934 

10 𝑓𝑓𝑐𝑐𝑜𝑜 / fct 0.808 𝑓𝑓𝑐𝑐𝑜𝑜 / εct 0.719 𝑓𝑓𝑐𝑐𝑜𝑜 / fcu 0.864 𝑓𝑓𝑐𝑐𝑜𝑜 / εcu 0.815 

11 Ec / fct 0.893 Ec / εct 0.786 Ec / fcu 0.892 Ec / εcu 0.787 

12 d / fct 0.971 d / εct 0.778 d / fcu 0.974 d / εcu 0.816 

13 h/d / fct 0.958 h/d / εct 0.845 h/d / fcu 0.942 h/d / εcu 0.825 

14 ln(ρ𝑓𝑓𝑟𝑟𝑝𝑝) /fct 0.971 ln(ρ𝑓𝑓𝑟𝑟𝑝𝑝) /εct 0.838 ln(ρ𝑓𝑓𝑟𝑟𝑝𝑝) /fcu 0.959 ln(ρ𝑓𝑓𝑟𝑟𝑝𝑝) /εcu 0.866 

15 ln(𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝) / fct 0.978 ln(𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝) / εct 0.886 ln(𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝) / fcu 0.980 ln(𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝) / εcu 0.875 

16 ln(n𝑓𝑓𝑟𝑟𝑝𝑝)/ fct 0.978 ln(n𝑓𝑓𝑟𝑟𝑝𝑝)/ εct 0.890 ln(n𝑓𝑓𝑟𝑟𝑝𝑝)/ fcu 0.981 ln(n𝑓𝑓𝑟𝑟𝑝𝑝)/ εcu 0.875 

17 ln(f𝑓𝑓𝑟𝑟𝑝𝑝)/ fct 0.977 ln(f𝑓𝑓𝑟𝑟𝑝𝑝)/ εct 0.906 ln(f𝑓𝑓𝑟𝑟𝑝𝑝)/ fcu 0.985 ln(f𝑓𝑓𝑟𝑟𝑝𝑝)/ εcu 0.880 

18 ln(ε𝑓𝑓𝑟𝑟𝑝𝑝)/ fct 0.975 ln(ε𝑓𝑓𝑟𝑟𝑝𝑝)/εct 0.893 ln(ε𝑓𝑓𝑟𝑟𝑝𝑝)/ fcu 0.981 ln(ε𝑓𝑓𝑟𝑟𝑝𝑝)/εcu 0.874 

19 ln(E𝑓𝑓𝑟𝑟𝑝𝑝)/ fct 0.977 ln(E𝑓𝑓𝑟𝑟𝑝𝑝)/ εct 0.874 ln(E𝑓𝑓𝑟𝑟𝑝𝑝)/ fcu 0.978 ln(E𝑓𝑓𝑟𝑟𝑝𝑝)/ εcu 0.873 

20 ln(𝑓𝑓𝑐𝑐𝑜𝑜) / fct 0.883 ln(𝑓𝑓𝑐𝑐𝑜𝑜) / εct 0.736 ln(𝑓𝑓𝑐𝑐𝑜𝑜) / fcu 0.827 ln(𝑓𝑓𝑐𝑐𝑜𝑜) / εcu 0.853 

21 ln(Ec) / fct 0.913 ln(Ec) / εct 0.761 ln(Ec) / fcu 0.852 ln(Ec) / εcu 0.849 

 22 ln(d) / fct 0.911 ln(d) / εct 0.741 ln(d) / fcu 0.875 ln(d) / εcu 0.847 

 23 ln(h/d) / fct 0.956 ln(h/d) / εct 0.851 ln(h/d) / fcu 0.947 ln(h/d) / εcu 0.836 

*Models that achieves the highestR2 values are highlighted under each RRV.  

 

According to Table 6, several mixed models outperform the linear regression 

model, especially Models 5, 6, and 8 which were found superior in predicting all of 

these four RRVs. The multivariate regression equations of Model 6, which performs 

superior, are showcased from Equ. (6) to (9) for the four types ofRRVs respectively. 

n𝑓𝑓𝑟𝑟𝑝𝑝/ fct = 0.118 - 0.312 ρ𝑓𝑓𝑟𝑟𝑝𝑝 - 0.060 𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 + 0.059 n𝑓𝑓𝑟𝑟𝑝𝑝 + 0.005 f𝑓𝑓𝑟𝑟𝑝𝑝 + 0.001 ε𝑓𝑓𝑟𝑟𝑝𝑝 
        - 0.103 E𝑓𝑓𝑟𝑟𝑝𝑝 - 0.002 𝑓𝑓𝑐𝑐𝑜𝑜 - 0.000004 Ec + 0.000001 d + 0.00005 h/d                  (6) 
 
n𝑓𝑓𝑟𝑟𝑝𝑝/ εct = -685 -3353 ρ𝑓𝑓𝑟𝑟𝑝𝑝 - 1408 𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 + 984 n𝑓𝑓𝑟𝑟𝑝𝑝 -34 f𝑓𝑓𝑟𝑟𝑝𝑝 + 116 ε𝑓𝑓𝑟𝑟𝑝𝑝 
        - 681 E𝑓𝑓𝑟𝑟𝑝𝑝 -4.88 𝑓𝑓𝑐𝑐𝑜𝑜 + 0.037 Ec + 0.448 d + 54.4 h/d                              (7) 
 
n𝑓𝑓𝑟𝑟𝑝𝑝/ fcu = 0.031 - 1.043 ρ𝑓𝑓𝑟𝑟𝑝𝑝 - 1.114 𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 + 0.098 n𝑓𝑓𝑟𝑟𝑝𝑝 + 0.007 f𝑓𝑓𝑟𝑟𝑝𝑝 + 0.006 ε𝑓𝑓𝑟𝑟𝑝𝑝 
        - 0.130 E𝑓𝑓𝑟𝑟𝑝𝑝 - 0.001 𝑓𝑓𝑐𝑐𝑜𝑜 - 0.000001 Ec + 0.000007 d + 0.007 h/d                    (8) 
 
n𝑓𝑓𝑟𝑟𝑝𝑝/ εcu = -191.5 + 234 ρ𝑓𝑓𝑟𝑟𝑝𝑝 – 18.5 𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 + 59.8 n𝑓𝑓𝑟𝑟𝑝𝑝 -18.85 f𝑓𝑓𝑟𝑟𝑝𝑝 + 19.71 ε𝑓𝑓𝑟𝑟𝑝𝑝 
         +439 E𝑓𝑓𝑟𝑟𝑝𝑝 +0.85 𝑓𝑓𝑐𝑐𝑜𝑜 + 0.007 Ec + 0.017 d + 24.3 h/d                            (9) 
 
 
 

It can be further found from Table 6 that the prediction accuracy of these 

proposed models could achieve over 97% for fct,εct, and fcu, and the performance of 

each model for these first three types of RRVsis generally consistent. For example, 
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Models 5, 6, and 8 all turned out superior. However, models forεcu (i.e., Y4) seemed 

different.The non-linear Model (i.e., Model 2), mixed models in Model 6 and 9 

appeared superior than others in predicting εcu-related RRVs.     

 
4.2. Regression analysis using the best-fit models 

These best-fit models following Table 6 are further analyzed based on the 

comparison between the experimental value and the predicted value calculated from 

the pre-established multivariate regression model. Fig.4 demonstrates the linear 

correlation between the experimental and modeled RRV values by using Model 1 and 

Model 6.  

  

(a) Model 1 to predict fct (b) Model 6 to predict n𝑓𝑓𝑟𝑟𝑝𝑝/ fct 

  

 
 

(c) Model 1 to predict Ԑct (d) Model 6 to predict n𝑓𝑓𝑟𝑟𝑝𝑝 / Ԑct 
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(e) Model 1 to predict fcu (f) Model 6 to predict n𝑓𝑓𝑟𝑟𝑝𝑝/ fcu 

  

(g) Model 1 to predict Ԑcu (h) Model 6 to predict n𝑓𝑓𝑟𝑟𝑝𝑝 / Ԑcu 

Fig. 4. Comparison between the predicted RRV and experimental data using Model 1 
and Model 6 

The regression equations of Model 1 are presented in Equ. (10) to (13). 

fct = 1.89+130.4 ρ𝑓𝑓𝑟𝑟𝑝𝑝 +4.22 𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 – 2.160n𝑓𝑓𝑟𝑟𝑝𝑝 - 0.901 f𝑓𝑓𝑟𝑟𝑝𝑝 + 0.610 ε𝑓𝑓𝑟𝑟𝑝𝑝 
        + 20.30 E𝑓𝑓𝑟𝑟𝑝𝑝 +0.834 𝑓𝑓𝑐𝑐𝑜𝑜 + 0.0002 Ec + 0.005 d - 0.526 h/d                  (10) 
 
εct = 0.011 + 0.090 ρ𝑓𝑓𝑟𝑟𝑝𝑝–0.002 𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 + 0.001n𝑓𝑓𝑟𝑟𝑝𝑝 -0.001 f𝑓𝑓𝑟𝑟𝑝𝑝 + 0.001 ε𝑓𝑓𝑟𝑟𝑝𝑝 
        +0.016 E𝑓𝑓𝑟𝑟𝑝𝑝 +0.0002 𝑓𝑓𝑐𝑐𝑜𝑜 -0.000001 Ec - 0.000003 d – 0.001 h/d              (11) 
 
fcu = 21.21+ 273.1 ρ𝑓𝑓𝑟𝑟𝑝𝑝 - 1.63 𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 + 0.92n𝑓𝑓𝑟𝑟𝑝𝑝 - 1.687 f𝑓𝑓𝑟𝑟𝑝𝑝 + 1.010 ε𝑓𝑓𝑟𝑟𝑝𝑝 
        + 34.51 E𝑓𝑓𝑟𝑟𝑝𝑝 + 0.538 𝑓𝑓𝑐𝑐𝑜𝑜 - 0.0005 Ec + 0.004 d - 0.752 h/d                    (12) 
 
εcu = 0.027 + 0.066 ρ𝑓𝑓𝑟𝑟𝑝𝑝 + 0.006 𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 – 0.004n𝑓𝑓𝑟𝑟𝑝𝑝 +0.001 f𝑓𝑓𝑟𝑟𝑝𝑝 – 0.0004 ε𝑓𝑓𝑟𝑟𝑝𝑝 
         -0.026 E𝑓𝑓𝑟𝑟𝑝𝑝 -0.00005 𝑓𝑓𝑐𝑐𝑜𝑜 - 0.000001 Ec - 0.000002 d - 0.003 h/d                   (13) 
 

Model 1, representing the conventional linear regression approach is compared 

with one of the best-fit models (i.e., Model 6) in Fig.4. Generally, it is seen that 

Model 6 outperforms Model 1 for all the four types of RRVs. Similar performance of 

the other best-fit model (i.e., Model 5) can be found as Model 6 does in Fig.4. Besides 

the comparison of R2 value between Model 1 and Model 6, a further residual analysis 
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is conducted. Fig.5 and Fig.6 demonstrate the comparison between Model 1 and 

Model 6 by using Y2-based RRV as the example. 

 

Fig. 5. Residual analysis of Model 1 in predictingԐct 

 

Fig. 6. Residual analysis applying Model 6 in predictingԐct-based RRV 
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According to Fig.5, the linear regression model, although with its residual values 

normally distributed, its residual values are not evenly or symmetrically distributed 

around the neutral line which represents zero residuals. In comparison, Model 6, as 

the mixed approach, has significantly higher frequency of residuals at 0. The two 

residual distribution plots according to Fitted Value and Observation Order further 

indicated that Model 6 has a superior distribution of residual values, which are more 

evenly and symmetrically distributed around the neutral line. Similar observations can 

be found in residual analysis for Y1, Y3, and Y4.     

3.3. Individual factor analysis 
 

Multivariate regression analysis can be utilized to analyze the effect of each 

individual IV in the target RRV. Based on the linear regression model (i.e., Model 1), 

Table 7 summarizes these individual effects for all the four different types of RRVs 

(i.e., fct,εct,fcu, and εcu).  

 
Table 7. 

Individual factor analysis based on Model 1 
 
IV fct εct fcu εcu 

 t  
value 

p 
value 

t 
value 

p 
value 

t 
value 

p 
value 

t  
value 

p 
value 

ρ𝑓𝑓𝑟𝑟𝑝𝑝 5.14 0.000 8.68 0.000 10.47 0.000 1.28 0.204 
𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 2.30 0.024 -2.74 0.007 -0.87 0.388 1.67 0.098 
n𝑓𝑓𝑟𝑟𝑝𝑝 -2.17 0.033 2.44 0.016 0.90 0.369 -2.17 0.033 
f𝑓𝑓𝑟𝑟𝑝𝑝 -3.77 0.000 -7.15 0.000 -6.86 0.000 2.66 0.009 
ε𝑓𝑓𝑟𝑟𝑝𝑝 2.20 0.030 6.50 0.000 3.54 0.001 -0.71 0.477 
E𝑓𝑓𝑟𝑟𝑝𝑝 3.87 0.000 7.41 0.000 6.40 0.000 -2.44 0.016 
𝑓𝑓𝑐𝑐𝑜𝑜 14.41 0.000 6.52 0.000 9.03 0.000 -0.46 0.646 
Ec 0.97 0.334 -9.27 0.000 -3.09 0.003 -2.84 0.006 
d 0.85 0.396 -1.41 0.163 0.76 0.449 -0.17 0.866 
h/d -1.20 0.234 -2.98 0.004 -1.67 0.099 -3.24 0.002 
 

Through the multivariate regression-based computation, each IV in Table 7 is 

assigned with a t value showing the correlational relationship and the significance of 
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effect (i.e.,p value). The fiber volume content (i.e., X1 or ρ𝑓𝑓𝑟𝑟𝑝𝑝) was found with 

positively significant effects in the strength of RAC specimens at both the transitional 

and ultimate points. It was also found significantly increasing the strain at the 

transitional point. However, ρ𝑓𝑓𝑟𝑟𝑝𝑝 was found without significant impact on the ultimate 

strain. Further findings from the individual factor analysis can be generated below: 

• The thickness and number of layers (i.e., X2 and X3) were found with significant 

effects in strength and strain in the transitional point. However, the effects would 

then turn out less significant in the ultimate stage; 

• The effects of types of FRP (e.g., PFRP and FFRP) in the RACspecimens’ 

mechanical properties can be measured according to the individual factor analysis 

of X4(i.e., f𝑓𝑓𝑟𝑟𝑝𝑝) and X5 (i.e, ε𝑟𝑟𝑝𝑝). According to Table 7, the tensile strength of FRP 

sheets had a significantly negative impact on both the stress and strain of 

RACspecimens, except the ultimate strain at failure. In contrast, the tensile strain 

of FRP sheets had a significantly positive impact on RACspecimens’ mechanical 

properties; 

• The original unconfined concrete strength had the highest effect in the same 

RACspecimen’s strength at the transitional point. Although this effect is still 

significant to the ultimate strength, the effect of the fiber volume content turned 

out even more significant at the ultimate state; 

• Similarly, the unconfined RAC specimens’ modulus of elasticity was found with 

the highest effect in the strain of confined specimen at the transitional point. 

Nevertheless, this effect was less significant at the ultimate stage; 

• The size effect was found with limited effects in these four types of RRVs. Only 

certain negative effects of X10 (i.e., slenderness ratio) were found in strain-related 

RRVs.             
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3.4. Internal correlation analysis of IVs based on the best-fit model 

It should be noticed that these ten IVs could be internally correlated to each other. 

Table 8summarizes the Pearson correlation analysis among these IVs based on the 5% 

level of significance.   

Table 8.  

Internal correlation analysis among the initial ten IVs 

 
 X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 
X1. 
ρ𝑓𝑓𝑟𝑟𝑝𝑝 

r* 
p 

1.000 
0.000 

         

X2. 
𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 

r 
p 

0.801 
0.000 

1.000 
0.000 

        

X3. 
n𝑓𝑓𝑟𝑟𝑝𝑝 

r 
p 

0.786 
0.000 

0.994 
0.000 

1.000 
0.000 

       

X4. 
f𝑓𝑓𝑟𝑟𝑝𝑝 

r 
p 

0.853 
0.000 

0.682 
0.000 

0.681 
0.000 

1.000 
0.000 

      

X5. 
ε𝑓𝑓𝑟𝑟𝑝𝑝 

r 
p 

0.294 
0.003 

0.628 
0.000 

0.573 
0.000 

0.132 
0.187 

1.000 
0.000 

     

X6. 
E𝑓𝑓𝑟𝑟𝑝𝑝 

r 
p 

0.743 
0.000 

0.491 
0.000 

0.506 
0.000 

0.959 
0.000 

-0.148 
0.138 

1.000 
0.000 

    

X7. 
𝑓𝑓𝑐𝑐𝑜𝑜 

r 
p 

0.278 
0.005 

0.294 
0.003 

0.289 
0.003 

0.290 
0.003 

0.147 
0.141 

0.239 
0.016 

1.000 
0.000 

   

X8. 
Ec 

r 
p 

-0.041 
0.685 

0.106 
0.291 

0.050 
0.620 

-0.191 
0.055 

0.543 
0.000 

-0.342 
0.000 

0.313 
0.001 

1.000 
0.000 

  

X9. 
d 

r 
p 

-0.011 
0.913 

0.380 
0.000 

0.430 
0.000 

0.048 
0.633 

0.136 
0.174 

0.016 
0.873 

0.176 
0.076 

-0.227 
0.022 

1.000 
0.000 

 

X10. 
h/d 

r 
p 

-0.066 
0.513 

0.031 
0.754 

-0.010 
0.921 

-0.113 
0.256 

0.250 
0.011 

-0.178 
0.073 

-0.052 
0.607 

0.017 
0.864 

-0.055 
0.584 

1.000 
0.000 

*r denotes Pearson correlation, and a p value lower than 0.05 indicates significant correlation between 
the pair of IVs    

Several significant correlations can be found between the pair of IVs. For 

example, the fiber volume (i.e., X1)is highly correlated to the the thickness (i.e., X2) 

and number of layers (i.e., X3). Therefore, these three IVs can be reduced to keep only 

one IV. The tensile strength (i.e., X4) was found strongly correlated to X6 (i.e., elastic 

module of FRP sheets), hence one of them could be removed. The IVs related to the 

tensile strength and strain (i.e., X4 and X5) are not correlated to each other. Therefore, 

both of them should remain in the the next-round shortlisted IVs. Similarly, both X9 

and X10related to the size and slenderness ratio of specimens remain as they are found 

without significant correlation. By reducing the redundancies of internally-correlated 
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IVs, the multivariate regression analyses were redone to the 23 proposed models for 

the four different types of RRVs. Table 9 showcases the example of Model 5 using 

Y3-based RRV.    

 
Table 9.  

Regression results from Model 5 for fcu-based RRV 

RRV Predictor 

Coefficient analysis 
Residual 
Standard 
Deviation R2 

ANOVA 
Durbin-
Watson 
value Coefficient t value 

p 
value 

F 
value 

p 
value 

𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 / fcu Constant 0.022 1.46 0.147 0.011 0.990 942.5 0.000 1.812 

ρ𝑓𝑓𝑟𝑟𝑝𝑝 -0.676 -5.56 0.000   

𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 -0.022 -2.48 0.015   

n𝑓𝑓𝑟𝑟𝑝𝑝 0.030 6.40 0.000   

f𝑓𝑓𝑟𝑟𝑝𝑝 0.004 3.86 0.000   

ε𝑓𝑓𝑟𝑟𝑝𝑝 0.004 2.76 0.007   

E𝑓𝑓𝑟𝑟𝑝𝑝 -0.086 -3.41 0.001   

𝑓𝑓𝑐𝑐𝑜𝑜 -0.001 -2.20 0.030      

Ec -0.000001 -1.39 0.168      

d 0.000004 0.15 0.878      

 h/d 0.005 2.23 0.028      

𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 / fcu Constant -0.021 -0.62 0.537 0.027 0.939 204.9 0.000 1.369 

ρ𝑓𝑓𝑟𝑟𝑝𝑝 0.526 4.07 0.000   

f𝑓𝑓𝑟𝑟𝑝𝑝 0.0008 4.25 0.000      

ε𝑓𝑓𝑟𝑟𝑝𝑝 0.010 18.14 0.000      

𝑓𝑓𝑐𝑐𝑜𝑜 -0.001 -1.30 0.197      

Ec -0.000001 -0.77 0.441      

 d 0.0004 8.94 0.000      

 h/d -0.0005 -0.11 0.914      

𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 / fcu Constant 0.114 3.39 0.001 0.036 0.883 145.3 0.000 0.615 

ρ𝑓𝑓𝑟𝑟𝑝𝑝 0.333 1.92 0.058   

f𝑓𝑓𝑟𝑟𝑝𝑝 0.001 3.12 0.002      
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ε𝑓𝑓𝑟𝑟𝑝𝑝 0.012 19.00 0.000      

𝑓𝑓𝑐𝑐𝑜𝑜 0.001 1.61 0.111      

Ec -0.00001 -4.35 0.000      

𝑡𝑡𝑓𝑓𝑟𝑟𝑝𝑝 / fcu Constant -0.164 -2.77 0.007 0.079 0.438 38.59 0.000 0.241 

ρ𝑓𝑓𝑟𝑟𝑝𝑝 1.503 8.22 0.000   

Ec 0.00001 3.42 0.000      

*p value higher than 0.05 indicating less significant of the target predictor on concrete-strength-based 
response.  

According to Table 9, three more multivariate regression tests were re-performed 

by reducing the number of IVs for each model, besides the original test with all ten 

IVs included. The second-round test was conducted by removing the redundant IVs 

(i.e., X2, X3, and X6) with seven remaining IVs.  

 The Durbin-Watson statistical test was incorporated in Table 9. It is based on 

the null hypothesis that residuals from a least square regression are not auto-correlated 

[43]. The ideal range of Durbin-Watson value is from 1.5 to 2.5[39, 44]. It can be 

found from Table9 that by removing X2, X3, and X6, although comparable predication 

performance could be achieved with the R2 value at 0.939, the Durbin-Watson value 

would fall out of the ideal range. Furthermore, removing IVs would increase the 

residual standard deviation and decrease the F value from ANOVA, meaning that the 

error would be larger and the significance of the same model in predicting the target 

RRV would be reduced. Further trial of the same model could be performed by 

removing less-significant IVS, such as size and slenderness related IVs (i.e., X9 and 

X10). The third-round test, according to Table 9, conveys the information that the 

accuracy, errors of residuals, and Durbin-Watson value are further deteriorated. When 

the last trail was performed by only keeping X1 and X8, the performance of Model 5 is 

significantly worse according to the residual standard deviation, R2 value, F value, 

and the Durbin-Watson value.           
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3.5. Discussions of findings from statistical modeling  
 

By comparing the predication performance of all 23 different models for each of 

the four types of RRVs (i.e., fct,εct, fcu andεcu, it was discovered that mixed models 

generally performed better than the traditional linear regression approach, based on 

the evaluation of accuracy and residual values. By introducing the non-linear and 

mixed regression approach, the predication accuracy for the strength of FRP-confined 

RACcylinders could reach over 99%, and the accuracy for strain could be as high as 

nearly 98%.   

The individual factor analysis generated from multivariate regression analysis 

quantified the impact of each single factor on the strength and strain of FRP-confined 

RAC specimens. For example, the compressive strength of unconfined RAC had the 

most significant effect in the confined strength at the transitional point. However, the 

effect of the fiber reinforcement content would become more significant than the 

unconfined RAC strength when specimen reaches the ultimate strength. Compared to 

three other types of RRV, the ultimate strain of FRP-confined RAC cylinders were 

less significantly affected by these pre-defined ten IVs.        

The multivariate regression analysis provides further in-depth insights continuing 

from Huang et al.[15] and Yan et al. [17]. For example, when studying the size and 

slenderness effects in FRP-encased RAC specimens’ mechanical properties, Huang et 

al. [15]’s initial findings indicated that fct decreased with the size or the slenderness 

ratio, and no significant effects were found in εct,fcu, and εcu. According to the 

multivariate statistical modeling outcome,fct was found with certain negative 

relationship with the slenderness ratio. However, this relationship was not that 

significant compared to other individual IVs such as the reinforcement condition of 
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RFP and the tensile strength of FRP sheets. More significant impacts of slenderness 

ratio were found towards the strain than the strength of RFP-refined RACspecimens.    

The multivariate regression modeling could be rerun by reducing the redundancy 

among inter-correlated IVs as well as by removing insignificant IVs. By shortlisting 

IVs and re-performing the individual factor analysis, highly consistent outcomes were 

obtained compared to the analysis before shortlisting as shown in Table 7. For 

example, the slenderness ratio did not have significant effect in fctor fcu.Although 

shortlisting IVs could reduce the internal correlation among IVs, keeping the 

comprehensive list of IVs was found with superior performance in terms of lowest 

residual standard deviation, highest R2value, highest F value, and the ideal 

Durbin-Watson value. 

The statistical approach can serve as the prediction tool to estimate concrete 

strength at a given curing age (e.g., Day 28). The proposed statistical models (e.g., 

mixed model) can be adopted as an alternative approach complementary to other 

methods (e.g., genetic programming) in predicting concrete properties. Although 

other data analytics aproaches such as machine learning or data mining methods [24, 

45] could achieve comparatively or even higher accuracy in estimating concrete 

properties, they have problems of dealing with a large number of IVs [46]. They also 

rely on software application and require larger and more varied training datasets [45]. 

Statistical methods developed in this study can handle the drawbacks that the data 

mining approach faces [32] and achieve a comparable accuracy of estimate. Theyhave 

the advantages of being less time-consuming in model creation and allowing the 

analysis of individual concrete mix parameter’s effect on concrete properties at 

different curing ages[32]or at different strength development stages. 

4. Conclusions 
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This research applied the newly developed multivariate regression approach in 

predicting the mechanical properties (i.e., stress and strain) of FRP-confined concrete 

specimens containing recycled aggregates. The proposed multivariate models were 

compared of their predication performance based on totally 102 observations for each 

type of mechanical property. Major conclusions could be reached below: 

• it was found consistently among the four different types of mechanical properties 

(i.e., fct,εct, fcu andεcu) that the same mixed models outperformed the conventional 

linear approach in terms of higher accuracy and a more ideal distribution of 

residual values; 

• it was indicated that the fiber’s properties (i.e., thickness and number of layers) 

had significant effects on the mechanical properties of FRP-confined concrete in 

the transitional point, but less on the ultimate strength or strain; 

• it was further indicated that the transitional and ultimate behaviors of 

FRP-confined concrete differed partly due to that fact that the significance of 

certain independent variables’ impacts on concrete properties had changed after 

passing the transitional point; 

• the strength of the originally unconfined concrete was found with the highest 

degree of impact on the strength of RFP-confined concrete at the transitional point. 

However, the fiber content was later found with more significance on concrete 

strength at the ultimate state; 

• size and slenderness of specimens were found with less significance in affecting 

the mechanical properties; 

• the multiple independent variables could be shortlisted by removing the 

inter-correlated items and those found without significant individual effects. 

However, based on the comprehensive analysis of the modeling performance (i.e., 
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accuracy, residual distribution, and significance), it was inferred that removing 

independent variables could deteriorate the prediction performance.     

• the predication of the ultimate strain for FRP-confined concrete turned out less 

accurate as it was less significantly affected by the pre-defined independent 

variables. 

 

 

The scope of current study was limited to statistical validation. For the practical 

application, an accurate model must be developed for safety and economic design of 

FRP-confined recycled aggregate concrete as axial structural members. To achieve so, 

a large database including more experimental results is needed. As the follow-up 

study, more experimental work can be conducted to investigate the effects of different 

experimental parameters on the compressive behavior of FRP-confined recycled 

aggregate concrete. In addition, the established statistical model from this study can 

be developed for practical prediction of concrete properties.  
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