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Abstract

This paper provides a solution of a generalized eigenvalue problem for in-
tegrated processes of order 2 in a nonparametric framework. Our analysis
focuses on a pair of random matrices related to such integrated process.
The matrices are constructed considering some weight functions. Under
asymptotic conditions on such weights, convergence results in distribution
are obtained and the generalized eigenvalue problem is solved. Differential
equations and stochastic calculus theory are used.
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1 Introduction

Nonparametric approaches have been recently proposed to study integrated pro-
cesses of order one (Bierens, 1997, Breitung, 2002 and Garcia and Sansé, 2006).
The prominent case of system integrated of higher order is the one of systems
integrated of order two, I(2). The aim of this paper is to provide a nonpara-
metric theoretical analysis of a multivariate integrated process of order two via
asymptotic solution of a generalized eigenvalue problem. Many multivariate
techniques such as principal component analysis (Cadima and Jolliffe, 1995,
Sun, 2000, Schott, 2006, Fujikoshi et al., 2007 and Boente et al., 2008), corre-
spondence analysis (Leeuw, 1982, Van de Velden and Neudecker, 2000) canonical
correlation (Nielsen, 2001), discriminant analysis (Bensmail and Celeux, 1996,
Demira and Ozmehmetb, 2005) and factor analysis (Forni et al., 2005) can be
formulated as eigenvalue problems, including generalized eigenvalue problems.

In this paper the generalized eigenvalue problem involves two random matrices
that take into account the stationary and nonstationary properties of a p-variate

integrated process of order 2, i.e.

Y; = A %¢; = (1 — L) %, (1)
where p € N, Y; = (VL,..., YD), & = (e},...,€) is a zero-mean stationary

process, L is the lag operator, i.e. Le; := €1, and A :=1— L. If Y} ~ I(2),
then Y; — Yy ~ I(2). Without loss of generality, we assume that Yy = 0.

The random matrices are weighted with functions belonging to certain func-
tional spaces. Under some regularity conditions on the weights, we obtain the
convergence of the ordered generalized eigenvalues to random numbers indepen-

dent on the integrated process. Such random quantities are the ordered solution



of a nonparametric generalized eigenvalue problem.

The paper is organized as follows. Section 2 describes the data generating
process. In section 3 the weight functions and the random matrices are defined.
In section 4, convergence results for the generalized eigenvalue problem are

derived. Section 5 concludes.

2 Data generating process

If Y; in (1) satisfies the hypotheses of the Wold Decomposition Theorem, then
there exists a p-squared matrix of lag polynomials in the lag operator L such
that

=Y Cio_j=C(L)vy, t=1,...,n, (2)
j=0

where v; is a p-variate stationary white noise process.

Assumption 1

The process € can be written as in (2), where v; are i.i.d. zero-mean p-variate
gaussian variables with variance equals to the identity matrix of order p, Ip,
and there exist C(L) and Cy(L) p-squared matrices of lag polynomials in the
lag operator L such that all the roots of detC;(L) are outside the complex unit
circle and C(L) = Cy(L)~1Cs(L).

The lag polynomial C(L) — C(1) attains value zero at L = 1 with algebraic

multiplicity equals to 2. Thus, there exists a lag polynomial
o0
D(L) =Y _ DyL*
k=0
such that C(L) — C(1) = (1 — L)?2D(L). Therefore, we can write

e = C(L)vy = C(1)vy + [C(L) — C(D)]vy = C(1)vy + D(L)(1 — L)*v;.  (3)



Let us define w; := D(L)v;. Then, substituting w; into (3), we get
€ — C(].)'Ut + (]. - L)th. (4)
(4) implies that, given Y; ~ I(2), we can write recursively
¢
AY, =AY, 1+ & =AYy + (1 — L)w, —wo + C(1) Y _v; (5)
j=1

where rank(C(1)) =p —r <p.

Remark 1. By Assumption 1, we have that C'(L)v; and D(L)v; are well-defined

stationary processes.

Assumption 2
Let us consider R, the matrix of the eigenvectors of C(1)C(1)T corresponding

to the r zero eigenvalues. Then the matrix RT D(1)D(1)T R, is nonsingular.

Remark 2. Assumption 2 implies that Y; cannot be integrated of order d, with
d > 2. In fact, if there exists d > 2 such that Yy ~ I(d), then the lag polynomial
D(L) admits a unit root with algebraic multiplicity d—2, and so D(1) is singular.

Therefore RTD(1)D(1)T R, is singular, and Assumption 2 does not hold.

3 Weighted random matrices

In order to address the solution of the generalized eigenvalues problem, a couple
of random matrices are constructed. These matrices are associated with the
stationary and nonstationary part of the process I(2).

If Y; satisfies (1), then AFY; is a nonstationary process, for k = 0,1 and A2%Y;

is a stationary process.



The random matrices are assumed to be dependent on an integer number m > p.

Let us fix k =1,...,m. We define

m
Ap = anpal i (6)
k=1
By = _bniby ., (7)
k=1
where
MY,AY
An k= T a1 n /\/ﬁ 3 (8)
\/fo Jo Fr(x)Fy(y) min{z, y}dedy
nMA2Y
bp. i = {—” 9)
Jo Fr(z)?dzx
with
1< Hy(t/n 1<
MYAY — - Z [(Gk(t/n) + k(nzs/)> Yt] + - ZFk(t/n)AYt; (10)
t=1 t=1
MAYY — %ZFk(t/n)AzY}, (11)
t=1
where

Fy:[0,1] = R, F, € C*0,1);
G :[0,1] — R;
Hy :[0,1] — R.

The weights Fy, Gy and Hy, can be chosen in order to obtain convergence results

for the random matrices A,, and B,,. We give the following definition.

Definition 3. Let us fit m € N, k = 1,...m. Consider the following condi-

tions:
. tt+1) A
nll}}loo n- 1ré1ta§xn Gi(t/n) — tFg(t/n)| = 0; (12)
lim S #(t+ 1) He(t/n) = 0 (13)

n—-+o0o 5
n2 =



Jim_ % > Filt/n) =0 (14)

im nf ZtFk t/n) = 0; (15)
/ / y) min{z, y }dady = 0, i % 7; (16)
/ Fy(z) / Fipdedy =0, i47; (17)
0 0
/0 F@)Fj()de =0,  i+#j (18)

The functional classes Fp, Gm and H,, are
Fpp 1= {Fk :[0,1] — R, Fj, € C1(0,1) | (14) — (18) hold, k = 1...,m}; (19)
G = {Gk .[0,1] — R|(12) holds, k= 1... ,m}; (20)
Mo = {Hk :[0,1] — R (13) holds, k:l...,m}. (1)

(Bierens, 1997) shows that the functional class F,, is not empty. He pointed

out that, if one defines

F.:R—R
such that
Fy(x) = cos(2kmx), (22)
and taking the restriction
Fr == Fljo.1)»

then Fj, € F,,.
The functional classes G,, and H,, are also not empty. In fact, the following

result holds.

Proposition 4. Fix k =1,...,m. Define the following subset of R.:

A= {o:eRM:—%},

neN



and the functions

v:N —= R,
such that
~ krx 4+ 1
G = .
f@) = " )
Moreover, define
H,:R—R

such that
N
Hk(m) :Zajxaj7
j=1
for each N € N, aj,a,0; e R, Vje{l,...,N}.

Assume that:

e the function
f:R-—{-1} =R

such that

f@) = 4y —; 1)@k(t/n) - tcos(Qkﬂ-t

)

is increasing with respect to t;

e the function v satisfies the following condition:

n- max{‘%ék(l/n) — cos(%TW)

i

2

Then

Gr = Gkl Hy, := Hi|jo 1)

belong to G, and H,,, respectively.

nn e - |} = o L.



Proof. A direct computation gives that Hy € H,,. So we have to prove that
Gk S Qm
Since Fy, defined in (22) belongs to Fy, (see Bierens, 1997), we can replace in

(12) the functions Fy, with (22). We get

, tt+1) Ut |
ngrfwn | max. Gr(t/n) — tcos(T)‘ =0. (27)

Then there exists € > 0 such that

tt+1) 2kt

Gr(t/n) — tcos( !

nlte !

(28)

‘ ~Y
1<t<n n

Let us consider f defined as in (25). Since f is increasing, a simple estimate

gives
Lo 2t+1 tt+1) 0 B 2kmt.  2kmt . 2kmt
P(8) 1= S0 Grlt/m) + S =2 S Gult/n) = cos( =) + = sin( =) >
2t+ tt+1)0 2kmt
—1=-2"">0.
Gr(t/n) + o 8tGk(t/n) 1 - >0

Thus, the weight functions G, can be obtained by solving the differential equa-

tion

2 Gt + D gy 1 - BT )

n

The solution of (29) is

1 krx(t/n) +1

Gi(t/n) = w tntijn +7(n),

where y is independent on ¢. Due to the fact that f is increasing with respect

to t, the condition (26) implies that (12) holds. O
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4 Generalized eigenvalues and nonparametric re-
sults

In this section the generalized eigenvalue problem is solved. Consider a p-variate
standard Wiener process W and denote with fj the derivative of Fj. We define
the following p-variate standard normally distributed random vectors:

1
Jo Fr(z)W (z)dx

(fol fol Fi(z)Fy(y) min{z, y}d:z:dy)

Xk =

)

[N

Fe(OW (1) — [ fule)W (2)dz

Yk = il
Jo Fr(z)?da

Xi = (R, COICW Rymr) B C)Xe ~ Ny r(0.1,0),
vi = (RE,CC R, BRI CW,
Y == (RTD(1)D(1)" Ry) ™2 RTD(1)Yi ~ N,(0, 1),
Furthermore, we construct the matrix V;.,,, as
Ve = (RED(1)D()T R,) 2V, (RED(1)D(1)" R,)?,

where

Vo = (Sotvive ) (3o ) (3 i) (35 oo ).
k=1 k=1 k=1

k=1
Theorem 5. Assume that Fy, € Fo,, Gr € G, Hi € Hy and Assumptions 1

and 2 hold.

o Let us consider 5\1}m > > Xp,m the ordered solutions of the generalized

etgenvalue problem

da{Am.—Auzn+7f2Agw}=cn (30)
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and let us consider A1y, > -+ > Ap_rm the ordered solutions of the

generalized eigenvalue problem

M M
det[kz_lX,’gX;T )\ ; Y,:Y,:T} —0, (31)

where the X ’s and Y;"’s are 1.i.d. random variables following a Np—r (0, I,—)
distribution.

Then we have the following convergence in distribution

Aoy Apim) = My -+ o5 Aprm;, 05+, 0).

o Let us consider ] ,,, > -+ > A. . the ordered solutions of the generalized

etgenvalue problem
det [V;jm - )\(R,TD(l)D(l)TRT)‘l} —0. (32)

We have the following convergence in distribution

n2()‘p*7"+1’m7 ) /\p’m) - (X{,va AR )‘:,2771)

Proof. Due to (Anderson et al., 1983), then Lemmas 1, 2 and 4 in (Bierens,

1997), it is sufficient to prove that

ij;y — C(1) /01 Fy ()W (z)dz, as n — +oo. (33)

By definition of data generating process, we can write
1 & Hi(t/n)\ < 1 &
Y,AY _ k B
M2 =~ > (Gk(t/n) - ) [z; Am_J} +- > Fi(t/n)AY;. (34)
=

n
t=1 t=1

We get recursively

t—1 t—1
S AY, ;= (j+1De—; ~N(O,5,), (35)
=0 §=0
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where

NG +1)%03 0 0
. 0 Yo+ 1)%03 0
0 0 YiZo(i+1)%02

By (35) and (36) we can write

MYAY :ii( K(t/n) + 7(:/”)) [i@ﬂ Ve J} ZFk t/n)AY;.

t=1 7=0

(36)
Thus, (36) can be rewritten. Using the definition of the p-variate normal random

variable €; and the i.i.d. property, we get

M, Y AY t(t + 1)

\/ﬁ :n4\/>sz t/?’L 9

+”i}ﬁ : {Xn: (Gk(t/n)t(t _2|_ D) + tFk(t/n))} (37)

t=1
By hypothesis (13), the first addend in the right-hand term of (37) vanishes as

n — +o0.

Moreover, since Gy, € G,, it results, for each t = 1,...,n,

Gutt/m)

~ tF(t/n), (38)

as n — +00.
Therefore, since Fy, € F,,,, by (38) and theorems 1 and 2 in (Bierens, 1997), we

get the thesis. O

5 Conclusions

This paper provides a nonparametric analysis of multivariate integrated pro-

cesses of order two via the asymptotic behavior of a generalized eigenvalue

13



problem. Two involved random matrices associated with the stationary and
nonstationary parts of the process are constructed. To obtain asymptotic re-
sults, some weights regarding the matrices are considered. The ordered gener-
alized eigenvalues converge to some random numbers. Such random quantities
are the ordered solution of a generalized eigenvalue problem independent on the

data generating process.
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