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We formulate a structural model of saline ice and describe a model solution describing the 
propagation of thermo-elastic waves. Thermo-elastic waves are excited by periodical oscillations 
of the ice surface temperature.  The properties of these thermo-elastic waves are determined by 
the mean ice temperature (background temperature), the ice salinity and the amount of liquid 
brine trapped in closed brine pockets. Results from an experiment, measuring thermo-elastic 
waves in ice, performed in the UNIS cold laboratory, are described. The characteristics of these 
thermo-elastic waves are compared with the theory. It is shown that amount of liquid brine 
trapped in closed brine pockets is an important variable in describing how the ice deforms under 
oscillating background temperature.   
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1. Introduction 
Saline ice is made up of a matrix of solid frozen H2O, containing pockets and channels filled 
with a mixture of salty brine and gas. The structure and composition of saline ice can change 
under mechanical and thermal loads: for example, when ice is cooled, liquid freezes to form ice, 
this freezing process ejects salt, and so the remaining brine may become saltier. Many properties 
of ice, including thermal properties, may therefore depend on the distribution of brine, and on the 
movement of the brine. The extent to which brine can migrate through the ice is controlled by the 
permeability of the ice. Weeks and Ackley (1986) proposed that sea ice is impermeable when 
brine content is less than 5%, and permeable otherwise. More recent work suggests that sea ice 
always contains porous channels (Golden et al., 2007). Permeability depends temperature, since 
channels can open and close through melting and freezing. Further, permeability depends on not 
just the present state of the ice, but on the historical evolution of temperature and salt fluxes at its 
boundaries. 
 
The first model of thermal expansion of sea ice was proposed by Malmgren (1927). This model 
assumes constant salinity in the sample, so that phase changes (from ice to brine and vice versa), 
which lead to local density changes (since water is more dense than ice), can have global effects 
on the density and hence on the thermal expansion. A later model, proposed by Cox (1983), 
assumes that when phase changes occur, brine is expelled from (or impelled into) the ice, and 
thus phase changes have no effect on the thermal expansion. These two models rely on two 
different assumptions about permeability, with Malmgren assuming sea ice is impermeable to 
brine, and Cox assuming that the ice matrix offers no resistance to brine migration. Johnson and 
Metzner (1990) measured the linear thermal expansion of cylindrical ice samples taken from first 
year congelation sea ice in Harrison Bay, Alaska, and found evidence to support Cox’s model of 
unconstrained brine migration. 
 
It is evident that Cox’s assumption contradicts the conclusion of Weeks and Ackley (1986) when 
the liquid brine content of saline ice is less than 5%. Golden et al. (2007) discovered increasing 
fractional connectivity of the brine inclusions in saline ice with increasing temperature, but 
mentioned that some part of brine could exist in closed pockets even when the liquid brine 
content is greater than 5%. Recent measurements of the thermally induced deformations of saline 
ice samples performed with Fiber Bragg strain and temperature sensors confirmed this 
conclusion (Marchenko et al, 2016). Experimentally registered deformations of saline ice 
samples caused by temperature changes were different from fresh ice samples. The difference 
was explained by the existence of closed brine pockets. The fraction of the total brine contained 
in these closed pockets varies depending on the temperature.   
 
A model of saline ice assuming that some fraction of the liquid brine is trapped in closed brine 
pockets, and the remainder of the liquid brine exists in permeable channels, was formulated by 
Marchenko and Lishman (2015). A model solution describing thermo-elastic waves in saline ice 
was formulated and investigated. In the present paper we formulate a structural model of saline 
ice, describe new experiments on the measurement of thermo-elastic waves at the surface of 
saline ice samples, analyze the results obtained from the experiments and compare them with the 
theory.      



2. Structural model of saline ice 
Saline ice consists of both pure ice surrounding closed brine pockets (ICP) and liquid brine in 
permeable channels (BPC). The saline ice density is determined by the formula 
 

bbicpicpsi νρνρρ += ,                                                                                                           [1] 
 
where ρicp and ρb are the densities of the ICP and BPC, and νicp and νb are the volumetric 
concentrations of the ICP and BPC respectively. They must therefore sum to 1 (since the entire 
system is composed of either ICP or BPC): 
 

1=+ bicp νν .                                                                                                                       [2] 
 
The volumetric concentrations of pure ice and liquid brine in closed pockets in the ICP are 
denoted as νi and νbi respectively (νi +νbi =1). We assume typical sea ice composition, such that 
νb<<1 and νbi<<1. 
 
The ICP salinity is a constant 
 
  consticp =s .                                                                                                                     [3] 
 
It is assumed that the liquid brine and the pure ice are in thermodynamic equilibrium. Therefore 
the salinities of brine in closed pockets and in permeable channels are the same, and so the 
volumetric concentration of liquid brine in the ICP is calculated by the formula 
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where sb is the brine salinity. The salinity of sea ice is determined by the formula 
 

bbbicpicpicpsisi sνρsνρsρ += .                                                                                             [5]  
 
Using the definition of sea ice density (1) we find that the volumetric concentration of the ICP is 
calculated as  
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The brine density ρb is calculated with the formula (Schwerdtfeger, 1963) 
 

)1( Swb += ρρ ,                                                                                                                  [7] 
 
where ρw=1000 kg/m3 is the water density and S is the fractional salt content of the brine. The 
brine salinity is calculated from the condition of thermodynamic equilibrium 
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Pure ice density depends on the temperature according to the formula 
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where αi=1.58⋅10-4K-1 is the volumetric coefficient of thermal expansion of pure ice. 
 
The ICP density is calculated with the formula (Schwerdtfeger, 1963) 
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The volumetric coefficient of thermal expansion of the ICP is calculated by the formula 
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3. Thermo-elastic waves in saline ice 
Periodical temperature oscillations at the surface of a solid material filling the half-space x<0 
penetrate inside the material as thermal waves. Temperature oscillations are described inside the 
material by the formula (see, e.g., Landau and Lifshitz, 1988) 
 

)exp( tiikxAT T ωδ += ,                                                                                                    [12] 
 
where AT is the temperature amplitude, and ω and k are the wave frequency and wave number.  
The dispersion equation gives a rule for the calculation of the wave number when the wave 
frequency is known: 
  
  )/(2 cik ρλω = .                                                                                                               [13] 
 
Here ρ, λ and c are the density, the thermal conductivity and the specific heat capacity of the 
material.  
 
Thermal waves are accompanied by elastic deformations when the material has thermo-elastic 
properties. In this case thermal waves become thermo-elastic waves. Since saline ice includes 
liquid brine then thermo-elastic waves in saline ice are accompanied by the phase changes and 
brine migration. The dispersion equation of thermo-elastic waves in saline ice is written in the 
form (Marchenko and Lishman, 2015) 
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where the subscript “0” means that the value of the quantity is equal to a background value. The 
coefficients of specific heat capacity and thermal conductivity are calculated by the formulas 
 

)( icpbibbbicpiiisi
vvvccc ++= ρννρρ , )( icpbibbicpiisi νννλννλλ ++= ,                             [15] 

 
where ci and cb are the specific heat capacities, and λi and λb are the thermal conductivities of ice 
and brine, Li=333.4 kJ/kg is the latent heat of ice.  
 
It is assumed that the specific heat capacity and thermal conductivity of brine are equal to the 
specific heat capacity and thermal conductivity of water. The specific heat capacities and thermal 
conductivities of ice and water are given by the formulas 
 

C)kJ/(kg 23.4 =wc , C)kJ/(kg 12.2 =ic , C) W/(m58.0 =wλ , C) W/(m24.2 =iλ .    [16] 
 
The amplitude of vertical displacement of the ice surface is calculated with the formula 
 

vixTu AA αω= .                                                                                                                   [17] 
kevix /ωαα = , ∆Κ+= /)( 000,0 TicpbbTbe Xαγνρα , bbsibb k µργ /0,00 = , 
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where µb=1.8⋅10-3 Pa⋅s is the dynamic viscosity of water, µ = 3.8 GPa and Κ = 8.8 GPa are the 
shear modulus and the bulk modulus of sea ice, and the permeability of saline ice by brine is 
determined by the formula 
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where the coefficient ksi,b0=10-13 m2 characterizes ice permeability at low values of the liquid 
brine content (Zhu et al, 2006).  
 
The amplitudes Au (the amplitude of the vertical displacement of the ice surface) and AT (the 
amplitude of the temperature variation) can be measured in experiments. Their absolute ratio | 
Au/AT | (the DT ratio) depends on the ice characteristics and wave frequency. The model given 
can be adapted to describe experimental data by varying the background characteristics νb0 and 
νbi0. The ice permeability ksi,b0  can also be used as a validation parameter since it is not well 
known. Theoretical dependencies of the DT ratio on the mean ice temperature are shown in 
Fig.1a when closed brine pockets are absent (σicp=0) and in Fig.1b when the permeable brine 
channels are absent (σicp=σsi). The values of ice salinity σsi are shown in the figures. One can see 



that the DT ratios shown in Fig.1a are much smaller than those shown in Fig.1b. This is the same 
as saying that temperature oscillations cause larger deformations when the brine cannot migrate 
than when all brine can freely migrate, and therefore illustrates the discrepancy between 
Malmgren’s model and Cox’s model as discussed in our introduction. In the case when the 
closed brine pockets and the permeable brine channels are both present, the dependence of the 
DT ratio on mean ice temperature follows the shape of Fig. 1a at low temperatures and Fig. 1b at 
high temperatures. From formula (17) it follows that  
 

0/ >Tu AA , 0=icps ; 0/ <Tu AA , icpsi ss = .                                                                  [19] 
 

 
Figure 1. Theoretical dependencies of the DT ratio from the temperature calculated for saline ice 
without closed brine pockets (a) and for saline ice without permeable brine channels (b). The 
dependencies are constructed for the ice salinities 3, 4, 5 and 6 ppt. 

4. Experimental investigation of thermo-elastic waves 
Experiments to measure thermo-elastic waves were undertaken in the UNIS cold laboratory in 
October 2015. Saline ice samples were prepared from a mixture of sea water and fresh water. 
Toroidal samples were frozen by adding saline water, layer by layer, into a cylindrical plastic 
vessel with a fixed coaxial vertical pipe inside. Fiber optic strain and temperature sensors (FBG 
sensors) were used to measure lengthening of the samples in the vertical direction. The fiber was 
fixed by steel plates and bolts on the top and the bottom of the ice sample, as shown in Fig. 2. 
The FBG thermistor was placed near the FBG strain sensor. The ice torus was insulated from the 
environment by foam plastic (Fig 3a).  
 
The upper surface of the torus was subjected to periodical variations of air temperature, caused 
by the cycle of the fans in the cold laboratory. The period of the air temperature variations was 
12 minutes. The wave number is calculated using the dispersion equation derived by Marchenko 
and Lishman (2015). The inverse wavenumber k-1, with a wave period of 12 minutes, is around 
1cm. This quantity characterizes the depth of penetration of the air temperature fluctuations into 
the ice. The FBG strain sensor recorded the vertical deformation of the ice torus ε=∆L/L, where 
L≈25cm is the vertical dimension of the torus and ∆L is the variation of L due to the thermal 
action. The sampling frequency was 1 Hz. The air temperature was registered less than 1cm from 
the ice surface with a Testo 176T4 rod-probe, and on the ice surface with a Testo 176T4 wire-
probe (Fig. 3). 
 



      
         

a)                                                                                b) 
Figure 2. Schematic of experiment for detection of thermo-elastic waves (a). Ice sample with 
optical fiber (b). 
 

       
                                         a)                                                                    b) 
Figure 3. Photos of full experiment (a) and sensor installed on the sample (b). 
 

 
Figure 4. Oscillating part of strain δε  (a) and the background temperature (b) versus the time.  
 
The mean air temperature was kept the same for 5-6 hours to get stable ice temperatures several 
centimeters below the ice surface, and stable amplitude of thermo-elastic waves at constant mean 



air temperature. The amplitude of the temperature oscillations measured in the air was 1.8°C, 
across a range of mean temperatures. Each experiment lasted more than 50 hours. During this 
time the total strain consisted of a sum of the mean strain 〈 ε 〉 reflecting the changes of the mean 
temperature in the cold laboratory (background temperature) and the strain δε oscillating with 12 
minute period. This oscillating strain is driven by the oscillations of the background temperature 
in the laboratory, which arises from the laboratory’s temperature control system (fans are 
switched on and off automatically, on a 12 minutes cycle, to maintain the mean temperature). A 
moving average was applied to extract the trend of the total strain. Figure 4a shows an example 
of the oscillating strain and the background temperature recorded over 56 hours in an experiment 
with an ice torus of 6 ppt salinity. The general trend of the strain amplitude Aδε is clearly visible: 
the strain amplitude decreases with decreasing mean background temperature.  
 

 
Figure 5. Zoomed dependence of the strain and background temperature oscillations on time (a). 
The amplitude of strain oscillations versus the mean background temperature (b).   
 
Figure 5 shows zoomed dependence of the strain and the background temperature on time. Strain 
maxima coincide in Fig. 5a with the temperature minima. According to formula (19) this occurs 
when a part of the liquid brine is trapped in closed pockets. The dependence of the strain 
amplitude on the background temperature shown in Fig.5b is similar to the theoretical 
dependence shown in Fig.1b and derived for the case when a part of liquid brine is trapped in 
closed brine pockets. The amplitude of vertical displacements of the ice surface Au is expressed 
by the formula 
 
 LAAu δε= ,                                                                                                                       [20] 
 
where L=25 cm is the vertical dimension of the ice torus. Therefore Au=2.5µm and |Au/AT|=1.4 
µm∙K-1, when Aδε=1 µstrain and AT=1.8 K. From Fig. 5b it follows that |Au/AT| increases from 1.4 
µm∙K-1 to 4.2 µm∙K-1 when the background temperature increases from -15C to -2 C. Therefore 
the absolute values of the DT ratios observed in the experiment are smaller than the DT ratios 
shown in Fig. 1b. This is because only a part of the liquid brine is contained in the closed brine 
pockets.  
 
Let us assume that all liquid brine is located in closed brine pockets at T=-8 C in saline ice of 6 
ppt salinity (σicp=0.006). The theoretical value of the DT ratio is 1.4 µm∙K-1 and the experimental 



data show a DT ratio of 1.5-1.6 µm∙K-1. The experimental data show the increase of the DR ratio 
to 4.2 µm∙K-1 when the background temperature increases to -2 C. Formula (17) gives the DT 
ratio 4.2 µm∙K-1 when σicp≈0.003 at T=-2 C.  

5. Conclusions 
A structural model of saline ice is formulated based on the assumption that liquid brine is 
partially trapped in close brine pockets and partially located in permeable brine channels. It is 
shown theoretically that characteristics of thermo-elastic waves excited near the surface of saline 
ice by oscillations of the ice surface temperature depend on the amount of liquid brine trapped in 
closed pockets. To test this theory, we measure strain oscillations in a toroidal ice sample, caused 
by periodical oscillations of the background temperature. The measured dependence of ice strain 
amplitudes on the background temperature was found similar to the theoretical dependence of 
the amplitude of thermo-elastic waves excited at the surface of half-infinite layer of saline ice by 
periodical changes of the surface temperature on the mean temperature. Theoretical analysis 
shows that the observed dependence corresponds to the theory when some fraction of the liquid 
brine is trapped in closed brine pockets. An experiment with initial ice salinity 6 ppt 
demonstrates that the amount of liquid brine trapped in closed pockets decreases with increasing 
background temperature. In the case when all liquid brine is trapped in closed pockets at initial 
temperature -8 C, the salinity of the closed brine pockets drops to 3 ppt when the background 
temperature increases up to -2C.        
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