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Abstract

This paper provides a theoretical functional representation of the density function related to the
Dickey-Fuller random variable. The approach is extended to cover the multivariate case in two
special frameworks: the independence and the perfect correlation of the series.
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1. Introduction

In this paper we deal with the theoretical case where n possibly cross-dependent time series
are generated by

Yit = Yit—1+ Uiz (i:1,...,n;t:1,...,T)

t
= Yo+ Z Uj,j

j=1
= Yo+ Sit (n

where y;,0 = ¢; with probability one, or it has a given probability distribution. The u; ;s
are assumed to satisfy some regularity conditions so that a suitably normalized transform
of Sip, Sip(r) = T‘l/QJiflSi’LTTJ (where | -] denotes the integer part and € [0, 1]), is
such that S}'7(r) = W;(r) as T — oo, with W;(r) a Wiener process (see e.g. Phillips
(1987) for a detailed discussion of such regularity conditions and of the exact meaning
of the normalization. Here we take the simplifying assumption that u;; ~ iid(0, 0?), so
that the conditions for the weak convergence of the normalized partial sums are trivially
satisfied.
It is well known that, under the null Hg : p; = 1, the ¢-ratio based on the OLS estimator of
Pi» %\Pi’ in

Ayir = piYis—1+ €y )

has the non-standard Dickey-Fuller limiting distribution

N < /O 1 Wi(r)dWi(r)> ( /0 1 Wf(r)dr>_ 3)

as T' — oo (see e.g. Phillips, 1987).
Building on Ruben (1962), in Section 2 we derive an explicit formulation of the conven-
tional univariate Dickey-Fuller distribution (3). Although not easy to manage, the proposed
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formulation can be used to derive analytical results, as opposed to the conventional simula-
tion approach. In this respect, our work is related to Abadir (1995). In Section 3 we extend
the analysis to the multivariate case by focusing on the special cases where the series are
either independent or perfectly correlated. Section 4 concludes.

In the derivation of the theoretical results, we assume that all the random quantities intro-
duced in the paper are contained in a filtered probability space (2, F, {F; }i>0, P).

2. The Univariate Case

Consider the Dickey-Fuller distribution (3): by definition of stochastic integral, we take a
partition of the interval [0, 1] in N intervals of length 1/N. If N is large enough, we can
approximate the asymptotic distribution of ¢, under the null as follows:

[

-

([ ([ ) - |

N
(Z i(k/N) [Wi(k/N) - ((k—l)/N)]> (;VZWE(WV)) -
k=1

=

2

%(WQ( ( ZWQk/N> = X;/Y;, (4)
where
X; = %(Wf(l)—l) (5)
| 3
Y; = <NZWEU€/N)> : (6)
k=1

Therefore, by definition of Wiener process, the distribution of the univariate Dickey-Fuller
test under the stated conditions can be approximated as follows:

3 (x*(1)—1)

T (N
(CVMg(l)) 2

ty = Xi)Yi ~

where x?(1) denotes a Chi-squared distribution with 1 degree of freedom and CvMjy(1)
denotes a zero level Cramér-von Mises distribution with 1 degree of freedom.
In order to derive an analytical expression for the density function of the Dickey-Fuller dis-
tribution, we need to introduce the ratio variable Z; := X;/Y;. The cumulative distribution
function of Z; will be denoted as F;. For 2z € R, we have
Fi(z) = P(Zi<2)
P(X;/Y; < z)

+o0o
0 0

where fx; y; is the joint density function of the random variables X; and Y;.
The density function f; of the variable Z; is

b +o0 Yz
5o = g | [ [ oty

“+o0o



We need to find an explicit form of the density function fx, y;, in order to get an expression
for f;. Fixed x,y € R, we have

fxoyi(@,y) = fyx, WIXs = 2) fx, (), (10)

where fyz.| x, is the density function of Y; conditional on X;, and fx, is the (marginal)
density function of the random variable X;.
‘We write the cumulative distribution functions of X; as:

Fx,(z) = P(X;<a)
_p (;(Wf(l) 1)< x)
= P(W2(1) <2z +1)
2x+1
= KXZ./ s1/2e75/2qs (11)

where Kx, is the normalizing constant. The density function fx, is then

o 241
fx(@) = K { / 5—1/26—5/2(15}

Xz% -
2 1
= 2Ky, (22 +1)"exp [ i } : (12)
The cumulative distribution function of Y; conditional on X; = z is
1N 1/2
= P NZWf(k/N)) <yl W21)=2z+1
k=1
| [N-1 1/2
=P (N [Z W2 (k/N)+ 2z +1 ) <y
k=1
N-1
= P (Z W2(k/N) + 2z 41 < Ny2>
k=1
N-1
= P(Z Wi2(k'/N)§Ny2—2$—1> . (13)
k=1

Equation (13) suggests that we need to discuss the distribution of a sum of squared non-
independent zero-mean Gaussian variables.
Denote the Cramér-von Mises distribution as

N-1
V=Y W2k/N), (14)
k=1
and
Fy(v) = P(V <w), veRT. (15)

Our approach relies on an invariant symmetry property of the random V' (see Ruben, 1962).
In particular, Ruben (1962) shows that the cumulative distribution function of V' can be



written as series expansions of Chi-squared cumulative distribution functions, i.e. there
exists a sequence of real numbers {);}jen such that

+o0o
Fy(v) =) AjFn-142i(v), (16)
=0

where Fy_142; is the cumulative distribution function of a Chi-squared random variable
with (N — 1 4 2j) degrees of freedom. By substituting the explicit expression of the F”’s
in (16), we obtain

“+00 w
Fy(v) :ZAJ-/O e~ 8/2s(N=3+2))/2q¢ (17)
=0

where we assume without loss of generality that the \’s contain also the normalizing con-
stants related to the Chi-squared distributions. By (17), then (13) can be written as

N-1
Fy,x,(ylX;=2) = P <Z W2 (k/N) < Ny* — 2z — 1)
k=1

+0oo Ny?—2z—1
- S 2 NE 205 (1)
J=0 0
The conditional density function fy, 1X; 18

+oo a Ny2—23;—1 A
inlXi (Y| Xi=1z) = Z )\jafy / o /2g(N=3421)/2q ¢
=0 0

Ny? -2z —1
= 2Ny-exp [—y;p] X
+o00 A
X Z Aj[Ny? — 22 — 1|V =3+20)/2 (19)
=0

By substituting (12) and (19) into (10), we have

_ Yy Ny2—2(2:n—1)]
v (z, = ANKyxy, ——- - X
quYz(x y) Xz m eXp |: 2
+0o0
X Y N[Ny = 20 — (VIR (20)
=0

Finally, from (9) and (20) we have

+oo 2 2
. y Ny* —2(2yz — 1)
, = 4NKy. — . —
1z (Z) Xi /0 20z + 1 exp [ x
—+o00o
X Y NNy = 2yz — 1]V 2qy, @21
=0

Although rather involved, (21) can in principle be used to derive analytical results on the
Dickey-Fuller distribution.



3. The Multivariate Dickey-Fuller Distribution

This section is devoted to the analysis of the distribution of the multivariate Dickey-Fuller
t-ratio.

Let’s define the random vector (Z1,...,Z,) of asymptotic distributions under the null,
accordingly with (3) and (6). More precisely, we can write

[

Zi =

N =

N _
(W2(1) —1) (;f ZWE(k/N)) i=1,...,n. (22)
k=1

Our aim is to provide a closed form expression for the joint density function fz, . 7, of
the random vector (Z1, ..., Z,).

Here we study the two extreme cases where the series are either independent or perfectly
correlated.

3.1 Independent Series

Assume that the series y’s are cross sectional independent. Once that the univariate (marginal)
density has been derived, this case becomes trivial. Indeed, for each (z1,...,2,) € R",
we can write the density function fz, .. 7, simply as

f21za(2ts ) = [ f2:(2), (23)

where fz,(z;) is given by (21).

3.2 Perfectly Correlated Series

Fixed i = 2,...,n, we assume that y; and y;_ are perfectly correlated, and there exists a
constant «; such that
Yi = 0GYi—1 - (24)

Of course, the ordering of the series is purely conventional. Any ordering would be possi-
ble just by changing the parameter o;.

The dependence among the variables is reflected on the dependence among the Wiener
processes W;. In particular, by using the derivation of the Dickey-Fuller asymptotic distri-
bution, then condition (24) can be rewritten in terms of the Wiener processes W;:

Wi =a;W;_1. (25)
By substituting (25) into (22), we obtain

1 ((OéiWi_l(l))Q — 1)

7. = 2
3 M l
(% Sis@w2 (k/N))?
1 2
L2 1
— | Zi1 + AC) i=1,....m. (26)

[N

(5 2 W2, (/)



Formula (26) allows us to write explicitly the conditional cumulative distribution of Z;
given Z;_1. Consider z;, z;—1 € R. Then (18) gives

P(Z; < z|Ziq = zi1) =
(af = 1)

1
2
(5 D W2 /)

2
—P Z 2 1 (k/N) < [2|ai|/(%(;2|(ii|f;1)] . 27

=P |a|Zi—1 + < zi| Zi-1 = zi

Now, consider the joint density function of the random variable (Z,...,Z,). Given
(z1,...,2n) € R™, the dependence condition (25) implies
n
frrnzn (1, 2n) = 2 (21) - [ 2020 (26l Zica = 2im1) (28)
=2
where
fz02: . (zilZic1 = zi1) = 8azz (P(Z; < 2| Zi—1 = zi—1)] - (29)

Consideri = 1...,n and z;, 2;_1 € R. Then (18) gives

2
|:2‘O‘i|(zi*‘°‘i|zi—1)

+ ° 4
P(Zi < zilZi1 = 2zi1) = Z)\j VN(ED e 32s(IN=1420)/2q4 | (30)

The density function of Z; conditional on Z;_1, fz,z,_,, is then

+o00 9 {2\%5%251\12)171)}2 4 1
fZi\Zifl(zi‘Zi—l = Zi—l) = Z)\]ai B e—s/QS(N—1+2J)/2dS
- Zz 0
7=0
2 __2
8aj(zi —lailzic) ) 1| 2]ail(z — lailzi) | L
N(a? —1)2 2 VN(a? —1)
2 \ oz ]
Q|25 — |QG|Zi—1
X Aj 31
Z VN@2 - 1) ] (3D

4. Conclusions

In this paper an explicit approximation of the density function of the multivariate Dickey-
Fuller random variable is provided. We proceed by analyzing at first the univariate case.
Our result is grounded on an invariant symmetry property of some random variables in-
volved in the Dickey-Fuller distribution (see Ruben, 1962).

As in Abadir (1995), the followed approach allows us to avoid the conventional simulation-
based approach. The theoretical results regarding the univariate case are then extended to
the multivariate framework under the assumptions of independent and perfectly correlated
series.

Although the independent and the perfectly correlated cases are two extreme settings, they
represent the starting point for exploring models with less restrictive assumptions. In this



respect, the analysis of a general cross sectional dependence case is already in our research
agenda.

Moreover, while we deal here only with the Dickey-Fuller distribution in the absence of
deterministic terms, further extensions are under scrutiny to cope with the “constant” and
“constant plus linear trend” cases.
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