12th IFToMM World Congress, Besancon, June 18-21, 2007

Centrodes and Lie algebra

J.M. Selig*
Faculty of Business, Computing and Info. Management.
London South Bank University, London SE1 0AA, U.K.

Abstract— The classical subject of planar kinematics is
reviewed in the setting of Lie algebra and differential ge-
ometry. In particular, the classical centrode curves of a
rigid motion are related to the derivatives in the Lie alge-
bra. Several examples of finding centrode curves in differ-
ent situations are given. The case where a rigid motion is
determined by one curve rolling on another is studied in
some detail.
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1. Introduction

In this work the classical subject of planar kinematics is
revisited using techniques from Lie algebra. The motiva-
tion behind this reexamination of old work is twofold, first
it is hoped that this will give a simple account of this sub-
ject including efficient computational tools. Secondly, by
putting planar kinematics in a general geometrical form it
is hoped that spatial kinematics can be treated in a simi-
lar fashion. The central result is the close connection be-
tween the centrode curve and the derivative in the Lie alge-
bra. The derivative in the fixed frame can be projected to
the fixed centrode curve while the derivative in the moving
frame projects to the moving centrode.

Several example are given showing how to compute the
centrode curves from the derivatives in different circum-
stances. Special attention is paid to planar motions gen-
erated by rolling on curve on another.

To begin a brief review of the group of planar motions
SE(2), is given, more details on this approach can be found
in [5].

II. The Group of Planar Motions

As usual we represent the group of planar motions by
3 x 3 matrices of the form,

sinff cos@ t,
0 0 1 01

cosf —sinf t,
r R t
:( >, (D

where in the partitioned form R represents the 2 X 2 rota-
tion matrix and t a translation vector. The action of such a
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transformation on a point is given by the matrix product,

x’ cosf) —sinf t, x
y | = sinf@ cosf t, vy |, 2)
1 0 0 1 1

or in partitioned form,

D) H0)-(%) o

In the above we have implicitly assumed that the trans-
formations were active, that is they moved the points in
the plane. It is also necessary to consider passive transfor-
mations. Such transformations are changes of coordinates.

Suppose that,
v R t
a ( 0 1> @)

is an active transformation that transforms a coordinate
frame ¥ into a new frame "3, then a point p in the first
frame will have coordinates in the second frame "p given

by,
np B 1 (p B RT —RTt T
(P)=am(3) =00 (Y] ©

Further, suppose that N is an active transformation writ-
ten in the coordinates of the first frame, in the new frame
the components of the matrix will be,

"N =M1NM, (6)

where as above M is the active transformation which takes
the first frame to the second, written in the coordinates of
the first frame.

A general planar transformation is either a rotation about
a fixed point or exceptionally a pure translation. Notice that
a rotation about a point q is given by the conjugation,

I q R O I —q\ (R (I-R)q
0 1 0 1 0 1 —\o 1 ’
@)
where [ is the 2 x 2 identity matrix. The statement that

all planar transformations are rotations about a fixed point
amounts to stating that we can solve the equation,

(I-R)q=t 8)
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for q, the fixed point or centre of rotation, given any R and
t. The exception occurs when R = I and hence the trans-
formation is a pure translation. Clearly rotations about a
fixed point and translations along a fixed direction are the
one-parameter subgroups of the planar motions group.

A. The Lie algebra and the Exponential Map

To find the elements of the Lie algebra to group we can
differentiate the one parameter subgroups at the identity.
Differentiating an arbitrary rotation gives,

g [cosf —sind (1 —cosf)gy + sinfq,
— | siné cos§ —sinfg, + (1 —cosb)g,
de
0 0 1 90
0 -1 g
= 1 0 —qx
0 0 0
For the translations we get,
d 1 0 ot, 0 0 t,
10 0 1 ¢ty =10 0 ¢t (10)
0 0 1 $=0 0 0 O
. 0 1 . .
If we write £ = <_1 0> then we can write the Lie
algebra element corresponding to a rotation about q in par-

titioned form as,

_(—F Eq
L_<0 0) (11)

Notice also that these matrices satisfy the cubic equation,
L3+ L=0. (12)

So it is easy to see that the exponential of such a ma-
trix obeys the Rodrigues formula familiar from the rotation
group SO(3), since the elements of the Lie algebra satisfy
the same equation. That is,

el =T +sinfL + (1 — cos§) L. (13)

This time [ is the 3 x 3 identity matrix.
The exponential of a pure translation is much simpler,
let,

0 0 t,
T=(0 0 ¢t (14)
00 0
Then,
e?T = I + ¢T, (15)

since clearly T2 = 0.

B. Derivatives

The derivatives of one-parameter subgroups are also sim-
ple. Suppose L is a fixed element of the Lie algebra and 6
is a scalar function of a parameter ¢, which might represent
time. Now we have that,

%e“ = 0Le" (16)

However, if L is also a function of ¢ then things are not
so simple. The problem is that . may not commute with L
and so if we were to differentiate the infinite series for the
exponential term by term we have to deal with terms such
as,

iL2 = LL+LL. (17)
dt

This problem was solved by Hausdorff in [3]. He showed
that in any Lie group,

d x\ -x _x\~ 1 i (%
(ie )e _Z(i+1)!adX(X)7 (18)

=0

where ad’ (C') denotes the iterated commutator; ad% (C) =
C, ad4(C) = [4, C], ad%(C) = [A, [A, C]] and so forth.
Clearly the above expression is an element of the Lie alge-
bra and we will denote it Xq = d/dt(eX)e™X. We also
have,

d — (-1

-X X - iy

— = E d’ (X 19

€ (dte > g (Z+1)'a X( )a ( )

and this will be denoted X;,. Clearly X and X are related,
Xy =e X Xze¥ (20)

So if Xy is the derivative with respect to a global fixed
frame then X is the derivative expressed in the frame mov-
ing with the body.

In the planar case we can compute these derivatives ex-
plicitly using the Rodrigues formula given in the previous
section, if

- _(—E Er(t)
L-L(t)—( LB ) @1
then we have,
d oL —0L __ A —E EI‘
Ly %(e )e =0 0 0

. 0 FEi 0 1
—|—sm9<0 Or>—|—(1—0089)<0 g)(ZZ)
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poving centrode

fixed centrode

Fig. 1. The Fixed and Moving Planes.

III. Centrodes

Imagine a plane or lamina (called the moving plane)
moving relative to a fixed plane. The pole of the motion
is usually defined as the point in the plane that is instanta-
neously at rest, see [4, Ch.5] or [1, Ch. VIII] for example.
As the motion proceeds the pole traces out a curve in the
fixed plane, called the fixed centrode and also a curve in
the moving plane—the moving centrode. At any instant the
moving centrode and fixed centrode will meet at the pole.
It is sometimes useful to imagine the motion as being pro-
duced by rolling the moving centrode on the fixed centrode,
see figure 1, this will also be studied in more detail in sec-
tion IV below.

In this section it will be shown how the fixed and moving
centrodes can be derived from the description of the motion
as an exponential. Hence assume that the motion of the
moving plane relative to the fixed one is given by,

M(t) = e (23)

The parameter ¢ here could represent time, in which case
we can talk about velocities and accelerations of points, but
in general it is simply a parameter. However we expect

thatboth fand L = | ET

0 0 ) are functions of ¢: 6 =
0(t), L = L(t).

A. The Fixed Centrode

We can find the pole of the motion by setting the velocity
of an arbitrary point to zero and then solving for the coor-
dinates of the point.

Consider a point in the moving lamina with coordinates
(relative to the fixed frame) py when ¢ = 0. At any subse-
quent time we can find the coordinates of the point from the
following,

<p§t)> — M(t) (1’10) — L (1’1°>. (24)

So the velocity of the point can be found by differentiating,

() (7))

and the equation for the fixed centrode is obtained by setting
this to zero,

Ly <1i’> =0. (26)
Now let us assume that the derivative L4 has the form,
o -F ECf
Li=w ( 0 0 ) . 27

Setting the velocity of the point to zero we find that the
point on the fixed centrode satisfies,

w(p—cy)=0. (28)

So long as w # 0 we see that the fixed centrode curve is
given by cy. From (22) above we see that in terms of curve

in the Lie algebra we have w = 0 and

1 sin 6 cosf —1Y.
Cf_r+5(1—cos9 sin 6 )r. 29

Notice that equation (27) essentially gives a projection
from the Lie algebra element L, to the classical fixed cen-
trode curve cy. Care must be taken if 6 = 0, this can happen
if the motion is instantaneously a translation, in such cases
L exist even though c is not defined.

B. The Moving Centrode

To find the moving centrode we can repeat the argument
above in the moving plane to find the point instantaneously
at rest in the moving plane. However we can also sim-
ply transfer the fixed centrode into the moving coordinates.
Suppose that p is a point on the fixed centrode, in the mov-
ing frame the coordinates will be,

(n1p> :e—"L(E’) (30)

In these coordinates the equation for the centrode, (26)
above, becomes,

n n
e 0L L gef < 1") = Lb< 1") —-0. (D

So the moving centrode is effectively the derivative in the
moving frame. This derivative can be computed in terms of
the curve in the Lie algebra which generates the motion as
in (22) above:

_op @ - ( —FE Er
Ly = e eLdt(eaL)G( 0 0)

+siné (8 Eor) — (1 —cos®) (8 8)(32)

Assuming that,

—F FEc,,
Lb—w( 0 0 ), (33)
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Fig. 2. Cycloidal Motion.

then it is straightforward to see that the moving centrode,
expressed in the moving coordinates, will be,

1 sin 0 1—cosf) .
cm_r+9(c059—1 sin 6 >r. (34

C. Example—Cycloidal motion

The first example here is the motion generated by a circle
rolling without slipping on another circle. We will assume
that the circles have radii 7y and ro with r; + r9 = 1. The
fixed circle will have the origin as its centre and at t = 0 the
centre of the moving circle will be at the pointi = (1, 0)7,
see figure 2. The motion of the moving plane, attached to
the rolling circle, can be thought of as a composition of a
rotation about the point i followed by a rotation about the
origin. The two rotation angles are related by the condition
that the circles roll on each other without slipping. Suppose
that at some time ¢ the angle turned about the origin is o and
at the same time the rotation about i is (3, then the common
length rolled about the circumferences of the circles must
be equal: ary = (s, so that,
8= Ary, (35)

o = )\7‘2,

for some constant A\. The motion can be written as a product
of exponentials,

M(t) _ eatLeBtK’ (36)
-F 0 —F FEi
whereL-( 0 1>andK—< 0 1>.Hence
for the derivative we have,

d
(dtM) M~ = oL + Be“t Ke k. (37)

A short calculation gives the derivative as,

0 —(a+p) Bsinat
w(OE ng) = | (a+0) 0 —[ cosat
0 0 0

(3%)

Hence the fixed centrode is given by,

B cosat\ _ [ ricosat
€r= a+ g3 \sinat ) \ risinat )’ (39)
which is just the equation for the fixed circle. The moving
centrode is only a little harder to compute, the result is,

Cm:(lrgcosﬂt)’ (40)

ro sin Ot

this is, of course, the parameterisation of the moving circle.

D. Example—Cardan Motion

In this motion two points on the moving plane are con-
strained to lie on a pair of (non-parallel) lines in the fixed
plane, see [1, Ch. 9 §11] for example. Again the motion
can be parameterised as a product of two exponentials, for
simplicity here it will be assumed that the fixed lines are
the x and y axes, so if we begin with one point at the origin
and the other point one unit along the x-axis, any motion
consistent with the constraints can be realised as a rotation
about the origin followed by a translation along the y-axis:

M(t) — 67 Sin@]eeL, (41)

where L is as in the previous section and J = <8 '(])>

with j = (0, 1)”. Notice that the two exponentials depend
on each other, this relation is easily found from elementary
trigonometry. The derivative in the fixed plane is,

d . . )
<dtM> M~ = —fcosfJ + e 507 Les07  (42)
Evaluating this gives,
d (0 -1 —sin@
(M) Mt=601 0 —cosf
0

; (43)
dt 0 0

and hence the fixed centrode is given by,

cos
Cf:(siné))' (44)

So the fixed centrode is a unit circle about the origin.
The derivative in the moving plane is given by,

M1 <%M) = —fcoshe L Jeft + L. (45)

Evaluating this expression gives,

d (0 -1 —cosfsinf
Mt <5M> =61 0 —cos? 6 . (46)
0 0 0
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Using trigonometric identities this gives the moving cen-
trode (at t = 0) as,

_ ((1/2) + (1/2) cos 26
cm( —(1/2)5111(;(;S ) @7

That is, the moving centrode is also a circle, of radius
1/2 and centred at the point (1/2, 0) when ¢ = 0. So in
fact this motion is also a cycloidal motion.

IV. Rolling Curves

In this section the motion generated by one curve rolling
on another will be considered in a little more detail. Let us
assume that the curve in the fixed plane is given by,

(1)
f(t) = (pfl(t> ) =yt |- (48)
1
In the moving plane we have a curve given by,
T (1)
m(t) = (pml(t) ) = ym(t) | (49)
1

The same parameter ¢, has been used here because we as-
sume that the curves have been parameterised in such a way
that at parameter value ¢, the curves will meet at the point
given by f(t) on one curve and m(¢) on the other. So the
rigid-body motion must satisfy,

£(t) = "Fm(t). (50)

To ensure rolling the tangents to the curve must be parallel
at the contact point. The tangents to the curves are,

f(t) = %f(t) and 1(t) = %m(t).

The requirement that these vectors should be parallel can
be expressed as,

f()T (g 8) eTrn(t) = 0. (51

This is essentially a 2 x 2 determinant written using the anti-
symmetric matrix E introduced above. Notice that slipping
has not been excluded here, this will be considered in a mo-
ment.

Now if we simply differentiate equation (50) we get,

£(t) = Lae®Pm(t) +e’Tr(t) = Laf(t)+eLr(t). (52)

This equation can be multiplied by f(#)” ( g 8 ) to give,

0=ft)" (gj 8) Laf(t), (53)

where the anti-symmetry of E and equation (51) have been
used to simplify the result. Next we can use the partitioned
form of the curves given in (48) and (49) and the fact that
E? = —I to give,

wpf-(pf—cf)zo. (54)

When w # 0, this implies that the pole of the motion cy,
must lies along the normal to the fixed curve py.

To be more precise we must give a relationship between
the tangents of the two curves, suppose that,

(1 +~(0)E(t) = e" (1), (55)

where ~(t) is a scalar function of the parameter ¢. The idea
is that ~y(¢) is a measure of slip, we have that,

V() = (IPm| — [Ps])/1Dsl- (56)

So if there is no slipping v(¢) = 0.
Now returning to equation (52) we get,

y(t)f(t) + Laf(t) = 0. (57)
Extracting the planar part of this equation, multiplying by
E and rearranging give an equation for the fixed centrode
in terms of the fixed curve,

¢f =ps+ L Eby, (58)

where explicit dependance on ¢ has been suppressed for
clarity. Clearly we could produce a similar expression for
the moving centrode in terms of the moving curve,

Y .
Sa e (59)
Finally here, suppose that we require the moving curve
to roll along the fixed curve without slipping. This implies
that the arc-lengths of the curves must agree, the differential
form of this constraint is that the tangent vectors must be
not only parallel but must also have the same length, that is,

f(t) = eLrn(t). (60)

Cmn = Pm +

In other words the function (¢) = 0. Substituting this in
equation (58) we have that,

cf =Py, (61)

so long as w # 0. This means that we can only reproduce
the given motions by rolling one curve on another without
slipping if the curves are the centrode curves. This gives
another characterisation of the centrode curves. Notice also
that these simple observations make the computations done
in section III-C unnecessary.

Equation (58) above gives a simple method for comput-
ing the fixed centrode given the two curves which roll on
each other, where ~ is computed from equation (56).

Alternatively, if the motion, and hence its fixed centrode,
is known then a fixed curve may be chosen. The fixed curve
must satisfy the consistency condition (54). The moving
curve is then found from equation (50).
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A. Gears Teeth Profiles

An important application of the above is to the shape of
gear teeth. This subject has a long and successful history.
However, with the geometric methods developed here we
can give very concise derivations of some of the classical
results.

In standard approaches to this subject the pivots of the
gear wheels are considered fixed and both wheels move.
Here we will consider one of the gears to be fixed, that is
to say we work in a coordinate frame fixed with respect to
the gear. The desired motion of the pinion is then clearly
the cycloidal motion studied in section III-C above. More-
over, the fixed and moving centrodes of this motion have
already been found above. The fixed and moving curves
which roll on each other to produce the motion correspond
to the profiles of the gear teeth.

In this application the fixed centrode is known to be a
circle which can be written in parameterised form as,

cf = (Tl cosat) ' (62)

r1sin ot

The most common (if not universal) choice of profile for
gear teeth is the involute of a circle. This curve can be con-
structed by unwinding a taut string coiled around the circle.
More details on this and other geometric constructions for
plane curves can be found in [2]. A parameterisation of the
involute consistent with the parameterisation of the circle
given above is,

(63)

[ ricosat + aritsinat
Pr= risinat — arjtcosat )

The derivative of this curve is then,

2
. [a'ritcosat
b= <a2r1tsinat> ’ (64)

and clearly this satisfies the consistency condition (54).
Using equation (50), and the relations 7; + 7o = 1 and
ary = (ray, the parameterisation of the moving curve is,

(1 —rycosft— fratsin 5t
Pm = ( r9 sin 8t — (Brat cos Bt ’ 65)

which is, of course, a involute curve of the moving cen-
trode.

V. The Planar 4-Bar Mechanism

In this final section we take a brief look at yet another
application. The coupler bar in a planar 4-bar mechanism
executes a sequence of planar motions so the problem here
is to find the centrode curves of this motion. A complete
solution to this problem is beyond the scope of this work,
but a method will be sketched which solves the problem.

Imagine the that moving plane is fixed to the coupler bar
of the mechanism. As the mechanism moves two points

in the moving plane lie on circles in the fixed plane. As-
sume that the two points are p; = (1, y1, 1)7 and py =
(w2, y2, 1)T. If the lengths of the bars are 1, lo, I3 and Iy,
then the circles will be,

i+ = 1, (66)
(g —14)% + 92 2. (67)

These equations together with the equation expressing the
fact that p; and ps are separated by a distance [,

(2 —21)* + (y2 —1)* =13, (68)

determine the kinematics of the mechanism. To find the
fixed centrode of this motion suppose that there is a fixed
‘home’ position for the mechanism so that at { = 0 we
have p1(0) = p{ and also p2(0) = pY. So that subse-
quent positions of these points are given by, p; (t) = e/ p
and po(t) = e’IpJ. Now the two equations (66) and (67)
above can be written in matrix form as p? Q,p; = 0 and
Pl Qap2 = 0 where,

1 0 O 1 0 -l
Ql— 0 1 0 and QQZ 0 1 0
00 —I} —ly 0 1212

Substituting the exponential form for the points and differ-
entiating with respect to ¢ gives the equations,

P (LJQ1 +Q1Ly)p1 = O, (69)
ps (LIQ2+ Q2La)p2 0. (70)

These equations are linear in the components of cy, the
fixed centrode, but quadratic in =1, z2, y; and y2. These
four variables can be eliminated using the kinematic equa-
tions (66), (67) and (68).

VI. Conclusions

The subject of planar kinematics is well known, however
equations (29) and (34), which give the centrodes in terms
of the motion expressed as an exponential, seem to be new.
The purpose of this work was not to find new results. Rather
the idea was to derive familiar results in a new way. This
new method is elegant and efficient, its key feature is that
it is based on concepts from the theory of Lie algebra and
differential geometry.
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