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ABSTRACT. This paper deals with the stochastic Ising model with a temperature shrinking to zero
as time goes to infinity. A generalization of the Glauber dynamics is considered, on the basis of the
existence of simultaneous flips of some spins. Such dynamics act on a wide class of graphs which are
periodic and embedded in R%. The interactions between couples of spins are assumed to be quenched
ii.d. random variables following a Bernoulli distribution with support {—1,41}. The specific problem
here analyzed concerns the assessment of how often (finitely or infinitely many times, almost surely)
a given spin flips. Adopting the classification proposed in [14], we present conditions in order to have
models of type F (any spin flips finitely many times), Z (any spin flips infinitely many times) and M
(a mixed case). Several examples are provided in all dimensions and for different cases of graphs. The
most part of the obtained results holds true for the case of zero-temperature and some of them for the

cubic lattice Lg = (Z¢,Eq) as well.
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1. INTRODUCTION

In this paper we deal with a class of non homogeneous Markov processes (o(t) : ¢ > 0) in the frame
of random environment. In particular, we consider a generalization of Glauber dynamics of the Ising
model, see e.g. [18], in the case of flipping sets whose cardinality is smaller than or equal to a given
k € N. However, accordingly to Glauber, also our dynamics will satisfy the reversibility property with
respect to the Gibbs measure of the Ising model. The Markov process describes the stochastic evolution
of spins, which are binary variables +1 on the vertices of an infinite periodic graph G = (V, E) with
finite degree. Such a class of graphs includes the meaningful standard case of d-dimensional cubic lattices
Lg = (Z4,Ey), for d € N. The interactions J = (J. : e € E) are deterministic or i.i.d. random variables
having Bernoulli distribution p7(J. = +1) = a and ps(J. = —1) = 1 — «, with « € [0,1], and they
constitute the random environment. The case a =1 (resp. o = 0) corresponds to the interactions of the

homogeneous ferromagnetic (resp. antiferromagnetic) Ising model.
1
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The temperature profile of the model is a function T : [0,00) — [0,00), which is measurable with
respect to the Borel o-algebra B(R) with T'(t) denoting the temperature at time t, for any ¢t € [0,00). In
most of the results it is assumed that lim; ., T(¢t) = 0 with a specific reference to T fast decreasing to
zero, this will be important due to its connections with the well studied case of T' = 0.

The initial configuration of the Markov process is o(0) € {—1,+1}". Its components are assumed to
be given or i.i.d. and randomly selected by a Bernoulli measure v, (g, with parameter v € [0, 1].

In the case of zero temperature stochastic Ising models with homogeneous interactions, the following

question is of particular relevance:
(Q) Does a given spin on v € V flip infinitely many times almost surely?

This problem is indeed paradigmatic in this context (see e.g. [2, 3, 4, 5, 10, 11, 12, 13, 14, 16, 22, 30]).

However, for constant and positive temperature T, question (Q) does not make sense because all
the spins flip infinitely many times. Moreover, question (Q) should be rephrased also in the frame of
random interactions. In fact, it is not always meaningful to deal with single sites, because the random
environment leads to sites differently behaving.

In the deep contribution of Gandolfi, Newman and Stein [14] the authors propose also a classification
for these models, which is a partition of them. Specifically, a model is of type 7, F, and M, according to
if all the sites flip infinitely many times (a.s.), finitely many times (a.s.), or some sites flip infinitely many
times and the others do it finitely many times (a.s.), respectively. We adopt here the same classification.

Question (Q) becomes:
(Q’) Is a model of type T, F or M?

We notice that F corresponds to the almost surely convergence with respect to the product topology.
Vice versa Z and M correspond to a.s. no-convergence. In this paper we show that some universal
classes can be identified, in the sense that the graph G and the parameter k determine the class of the
model under mild conditions on «,,T. Indeed, the main part of our results holds true for o € (0, 1)

and « € [0, 1] under some natural requirements on the decay rate of the temperature profile T.

In a very different context, [1] has shown the recurrence of annihilating random walks on Z%, with
d € N, under very general conditions. This paper has as a consequence that the one-dimensional

stochastic Ising model with a =1, v € (0,1) and 7' = 0 is of type Z (see [23]).
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In [14] there is an analysis of the zero-temperature case for the cubic lattice Ly = (Z%,Ey), v = 1/2
and different product measures p 7 over R for the interactions J. Among the results, the authors provide
a complete characterization for IL; and for all the measures p 7, i.e. they identify the classes Z, F, and
M for each p7. In doing so, [14] adapts and extends [1] in this context. Moreover, the authors identify
the class M for Ly when the measure p 7 is a product of Bernoulli with parameter « € (0, 1).

In [23] there is a treatment of @ = 1 and v = 1/2 for Ly, where it is proven that the model is of
type Z. Under the same conditions, [2] refines [23] in discussing the recurrence and the growth of some
geometrical structures.

It is also worth noting that [23] analyzes the framework where p s is a continuous measure over R
with finite mean, and they find F. The finite mean restriction has been eliminated in the same setting
by [11], and the identified class remains F.

The contribution of [13] is for T =0, a = 1, Ly with d > 2 and v > v}, with 7§ € (0,1). The authors
show that, when v > v}, the value of any spin converges to +1 a.s., hence leading to a model of type F.
The paper [22] extends [13] and shows that limg_.. 7} = 1/2.

In this last context, in order to prove that, for a large value of 7, all the spins converge to +1, it is
worth mentioning [3] where the stochastic Ising model at zero-temperature on a d-ary regular tree Ty is
analyzed. Analogously to [13, 22], the authors prove that there exists 44 € (0,1) such that for v > 94
all the spins converge to +1. Moreover it is also shown, along with other results, that limg_,o 54 = 1/2.

There are important results for the convergence of the system to the Gibbs state in the case of low
temperature (see e.g. [6, 7, 9, 20]) or high temperature (see e.g. [6, 8, 19, 21]). In particular, in [6], in the
framework of random interactions, it is shown a different approach to the equilibrium measure in relation
to the temperature. We believe that there is a connection between the behaviour of the stochastic Ising
model with a € (0, 1) at low, constant and positive temperature and at zero-temperature. In this respect,
it seems that the type of the model, F or M, at zero-temperature is related to properties of metastability
of the same model at low constant temperature. The geometric structure of the graph is also relevant in
both the cases of zero- and low constant temperature. In [6, 14] some of the main results come out from
a combinatorial-geometric interpretation of the underlying graphs.

For cases different from L, at zero-temperature, we mention [3] and [12], with tree-related graphs;

[30], where trees and cylinders originating by graphs are considered; [16], where the hexagonal lattice is
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explored. In this latter paper the authors move from [23], where it is proven that sites fixate, and show
that the expected value of the cardinality of the cluster containing the origin becomes infinite when time
grows.

As already announced above, we aim to provide an answer to (Q?) in the framework of general graphs.
In particular, we deal with graphs which are periodic and embedded in R%. In so doing, we contribute to
the literature, which is mainly focussed on L, (see e.g. [14]), Lo (see e.g. [2, 14, 23]) and the hexagonal
lattice (see e.g. [16]) with the exceptions of the general dimensional cubic lattices Lg in [13, 22].

Notice that this topic is important either at a purely theoretical level as well as in the applied science.
Indeed, we mention [10, 24, 28, 29], where applications of Ising models to social science are presented. In
particular, [10] deals with Glauber dynamics at zero-temperature over random graphs, where nodes are
social entities and the spatial structure captures the social connections among the nodes. For a review
of the relevant contribution on the so-called sociophysics, refer to [28].

This paper adds to the literature on the stochastic Ising models as follows:

(1) We allow for simultaneous flips of the spins, hence allowing for flipping regions. This statement
has an interest under a theoretical perspective and it seems to be also reasonable for the de-
velopment of real-world decision processes (think at the changing of opinions process of groups
of connected agents rather than of single individuals). The cardinality of the flipping sets is
constrained by a parameter k, which will be formalized below. Some material related to this
aspect can be found in [30].

(#i) The considered graphs are periodic, infinite and with finite degree. This framework naturally
includes Ly, for each d € N. This generalization allows us to provide theoretical results and
physically consistent examples (like crystal lattices) outside the restrictive world of Lg.

(#7) The temperature is taken not necessarily zero. Specifically, we consider a temperature fast
decreasing to zero and we require only in one result its positivity. In doing so, we develop
a theory on the reasonable situation of a temperature changing continuously in time, without
assuming the jump from infinite to zero. The framework of temperature fast decreasing to zero

includes also the case of T'= 0.
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In more details, Lemma 1 is a technical result giving the framework we deal with. Specifically, it provides
some grounding consequences of the definition of temperature profile fast decreasing to zero, which are
useful in the rest of the paper.

Theorem 1 gives sufficient conditions for the temperature profile having a similar or different behaviour
of the zero-temperature case. It is shown that the model is of type Z under an asymptotic condition for
the temperature profile. This result depends on the Hamiltonian, and can then be rewritten for general
Gibbs models endowed with a Glauber-type dynamics. Some conditions of Theorem 1 can be replaced
with weaker ones over graphs with even-degree sites (e.g. Lg).

In Theorem 2 we present a result stating that the model is of type M or Z, under some hypotheses.
Specifically, it is required that the temperature profile T' is fast decreasing to zero, positive and the
graph belongs to the rather wide class of k-stable d-&graphs (see next section for the formal definition
of this concept). Such a class contains also the cubic lattices Ly, with d > 2. We believe that Theorem
2 represents our main result because it is a relevant step to the identification of the type of stochastic
Ising models in dimension d > 2. We stress that the positivity of the temperature is required only in
this result.

Theorem 3 states some conditions to obtain models of type M, and it is used to prove some findings
in Section 4.

Theorem 4 shows that the model with ferromagnetic interactions and v = 1/2 on the hexagonal lattice
is not of type F when k > 2. In so doing we complement [23], where it is proven that the same model
with £k =1 and T = 0 is of type F.

In Section 4 we describe conditions leading to fixating sites. Lemmas 4 and 5 highlight the connection
between lowering and increasing energy flips. Indeed, under the hypothesis of Lemma 1, the number of
such flips is a random variable having finite mean on any given set of flipping spins. These two Lemmas
are widely used to prove the results of this Section.

Theorem 5 is inspired by [14, 23] and generalizes their outcomes to the case of k¥ > 1. In particular,
it links the parameter k with the properties of the graph to obtain that some sites fixate, i.e. the model
is of type M or F. Theorem 6 formalizes the intuitive fact that if there exists a set of sites strongly
interconnected and weakly connected with the complement of the set, then these sites will fixate with

positive probability.
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In Definition 4 we adapt to our setting the concept of e-absent configurations (namely, k-absent on J
here), which has been introduced for the graph L, in [2, 14]. We generalize such a definition by including
k > 1 and the considered class of graphs. Theorems 7 and 8 are based on k-absence. The former result
states that configurations which are k-absent on J can appear only on a random finite time interval
(a.s.) when interactions are properly selected; the latter one provides a condition on the graph and the
parameter k such that some sites have a positive probability to fixate. An interesting consequence of
the definition of k-absence is that if a configuration is k-absent on 7, then it is k’-absent on 7, for each
k' > k. Hence, a large value of k seems to facilitate the fixation of the sites (see Theorem 7). Differently,
a large value of k is an obstacle for the fixation of the sites in Theorem 8. This contrast leads to a not
straightforward link between the value of k£ and the identification of the model. However, in our setting,
we have shown that a model on the hexagonal lattice is of type F for k = 1 (see also [23]) and it is not
of type F for k > 2 (see Theorem 4). This Theorem suggests a general conjecture that link the value of
k with the type of the model (see the Conclusions).

The provided examples illustrate a wide part of the outcomes, and complement the theoretical findings
of the paper. In particular, we have introduced the graph T’y ,,,(G), it is constructed by replacing the
original edges of a graph G = (V, E) with more complex structures (see Definition 5). For this specific
class, we have provided some conditions for which the models over such graphs are of type M (see
Theorem 9) and Z (see Theorem 10). The case F is left as a conjecture in the Conclusions.

The last section of the paper concludes and offers some conjectures and open problems. In order
to assist the reader, we have provided some figures presenting the main contributions of the related
literature at zero-temperature, the results obtained in the present paper for the I'y ., (G) graphs and for

k-stable d-& graphs (see Figure 6).

2. DEFINITIONS AND FIRST PROPERTIES OF THE MODEL

The main target of this section is to define a dynamical stochastic Ising model. In order to do it we

introduce some notation.

2.1. Graphs. A graph G = (V, E) with origin O is said to be a d-graph if

1. G is embedded in R?, i.e. the vertices are points and the edges are line segments;

2. G is translation invariant with respect to the vectors e; of the canonical basis of R%;
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3. for all v € V, the degree of v, denoted by d,, is such that d, < oo;

4. every finite region S C R? contains finitely many vertices of G.

Thus we can construct a d-graph G' = (V, E) doing a tessellation of R¢ with the basic cell Cell = [0,1)¢,
i.e. the space R? is seen as the union of disjoint hypercubes [0,1)? + z with z € Z?. In order to specify

the d-graph G = (V, E) it is enough to give the vertices Ve inside Cell with the edges

Ecen = {{z,y} € E: {z,y} N Cell # 0}.

Set dg = sup{d, : v € V'} the mazimal degree of the d-graph G = (V, E); by periodicity and the fact
that Cell contains finitely many vertices, then d¢ is finite.
If a d-graph has at least a vertex with even degree we denote it as d-£ graph. As an example of a d-&

graph we take the lattice Ly = (Z%, E4), where the degree of any vertex is equal to 2d.

Some standard definitions on graph theory are now recalled. Given n € N, a path of length n starting in
2 € V and ending in y € V is a sequence of vertices (zg = x,21,...,2p_1, T, = y) having {z;_1,2,} € F
for each i = 1,...,n. A set A C V is connected if for any couple z,y € A there exists a path (zo =
TyT1, .y o1, Ty =y) with z; € A, for i = 0,...,n. We say that a graph G = (V, E) is connected if V'
is connected.

Since, without loss of generality, one can study separately the different connected components, as will
be clear below, in the sequel we will consider only connected d-graphs.

The distance v (u,v) in G of two vertices u,v € V' is the length of the shortest path (not necessarily
unique) starting in u and ending in v. For v € V and L € N we define the ball centered in « with radius

L as

Br(u) ={veV:vg(u,v) <L}.

The boundary of a set A CV is

0A ={v e A:3u ¢ Asuch that {u,v} € E},

whereas the external boundary is

0"*A={v ¢ A:3u € A such that {u,v} € E}.
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2.2. Hamiltonian. Let us consider the space {—1,+1}V equipped with the product topology. For a
given configuration o € {—1,+1}" and for any subset A of V, we write o(4) = (mgA) :v € V) to denote

the configuration

—oy, ifyeA;

oy, ifyé&A;

that corresponds to flip the configuration o on the set A.
The formal Hamiltonian associated to the interactions J € {—1,+1}F is

Hy(o)=— Z Je0z0y. (1)

e={z,y}€E

However, the definition (1) is not well posed for infinite graphs. Thus, we shall work with the increment
of the Hamiltonian at A, namely for a finite set A C V

AaHy(0) =—2- > JeoMalM = 2. > Joowoy.  (2)
e={z,y}€E:x€dA,ycdert A e={z,y}€E:x€dA,ycoert A

Notice that the value of AgH 7(0) can be only an even integer. In particular, if AyH 7(0) # 0, then

|AAHJ(U)| > 2.

2.3. Dynamics. The dynamics of the system will be a non-homogeneous Markov process depending on
the interactions, the temperature profile and the initial configuration.

The process is denoted by o(-) = (0,(t) : v € V,t € [0,00)). It takes value in {—1,+1}" and has left
continuous trajectories.

For k£ € N, we call Ay the collection of the connected subsets A C V having cardinality smaller or
equal to k. It is important to stress that, for a given v € V, the set {A € A : v € A} is finite for a
d-graph. Therefore, the set Ay is countable and, following [18], one defines the infinitesimal generator

related to k as follows

LT (1) = Y TV o)) ~ Fo)), ¥

Ac Ay

where f : {—1,+1}V — R is a continuous function, T is the temperature profile, 7 € {—1,+1}¥ and
o € {—1,+1}V. Moreover, when T'(¢) > 0, the rates are

e~ DA (0)/T(t) 1
AR (@)/T(H) + e BaHz(@)/T(H) 1 + e2BaH7(0)/T(1)" (4)

¢/ ") =

In the case in which T'(t) = 0 for t > 0, set

e—AaHg(o)/T
= lim .
70+ eAaHg(0)/T 4 e—AaHg(0)/T

J,T,(A) (o)
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Hence, when T'(t) = 0, one has

0 if AgHs(0) > 0;

if AAHJ(O') = O;

N|—=

1 if AgHs (o) <O0.

We remark that in the case of T = 0 and k& = 1 our dynamics is the Glauber dynamics at zero
temperature (see for instance [2, 11, 14, 22, 23]).

The previous defined process can be constructed by using a collection of independent Poisson processes
(Pa: A € Ag) with rate 1, the so-called Harris’” graphical representation [15].

Call Ty = (74, : n € N) the arrivals of the Poisson process P4. The probability that there is a
flip at the set A (conditioning on the event {t € Ta}), i.e. o(tt) = lim,j; o(s) = o (¢), is equal to
c{’T’(A)(U(t)), where we pose () (t) = (o(t))4). An useful representation of such events can be given

through the family of i.i.d. random variables

(Uan: A€ Ay,n€N) (5)

which are uniform in [0, 1] and such that if Uyg ,, < C}{{Z’(A)(O'(TAW)), then there is a flip at the set A at

time 74, (see [15, 18]).

The representation of the Markov process based on the Poisson processes is very popular in the
framework of zero-temperature dynamics, since it exhibits remarkable advantages with respect to the
one based on the generator. Firstly, the spatial ergodicity of the process with respect to the translations
related to the canonical basis can be invoked on the ground of a very general theory (see [15, 17, 23, 26]).

Secondarily, this representation is the natural setting for the proofs of the results.

We say that a flip at A at time ¢ € T4 is in favour of the Hamiltonian if AyHs(o(t)) < 0; it
is indifferent for the Hamiltonian if ApH7(o(t)) = 0 and it is in opposition of the Hamiltonian if
AaH7(o(t)) > 0.

For k € N, t € [0,00] and A € Ay, we define the sets S ,, ngt and SZ)t as

Sa:={s€[0,{]NT4: thereis aflip at A at time s with AyH 7(o(s)) > 0}, (6)

S84, ={s€[0,{]NT4: thereis a flip at A at time s with AyHz(o(s)) =0}, (7)
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S;;t ={s€[0,t]N Ty : thereis a flip at A at time s with AgsH 7(o(s)) <0}, (8)

and, for any x € V,

No= U Sae M= U She M= U Sha ©)

A€A:ASx AcAL:A>x AcAL:A>x

Moreover, we define the set of total flips involving the site x as
Ny =N UNPUNS,
and the set of total arrivals involving the site x as

Q= |J {teTa}

AcAy:Adx

We now provide the definition of the probability measure associated to the dynamical model defined

in (3), which can be written as
Prpig oy = 1T X Vo(0) X P,

where 7 is the probability distribution of the interactions J forming the quenched random environment;
Vy(0) is the probability distribution of the initial configuration ¢(0); Py is the measure of the arrivals
of the ii.d. Poisson processes on the sets A € A; and the sequences of independent U’s as in (5) —
independent also from the Poisson processes.

Some particular cases are important in our context. The considered measures over the interactions

are of two families

pg = H Ber.(a), a € [0,1], (10)
eelE

where Ber.(«a) is the Bernoulli distribution with parameter o and support {—1,+1}, labeled by the edge

e € . The deterministic case is
pg =0z,  Je{-1,+1}" (11)

Measure p7 in (10) is the case of £J model in [14], while (11) is the case of deterministically selecting
the interactions on the edges of the graph.

Analogously, for the initial configuration ¢(0), we use

Vs(0) = H B@TU(’Y), v E [07 1]7 (12)
veV

Vo (0) = 0o oe{-1,+1}V. (13)
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To avoid a cumbersome notation, we will denote the probability measure Py, ; v, simply as P, and
the identification of it will be clear from the context. Analogously, the expected value associated to the

probability measure Py, will be indicated as E.

Vo (0)
Let us consider a d-graph G = (V| E). Then,
e when 7 and v,(g) are as in (10) and (12), respectively, then the process will be denoted as
(k, o, v; T)-model on G, for a temperature profile T’;
e when p7 and v, are as in (11) and (13), respectively, then the process will be denoted as

(k,(TJ), {o); T)-model on G, for a temperature profile T

Remark 1. To give the interactions J and the initial configuration o(0) (hence, leading to the indices
(TJ) and (o), respectively) has an important role in the proof of some results, as we will see below. In
fact, in the considered framework, when a property is shown for all J and o(0), then such a property

holds true in the Bernoullian case as well.

The definition of the measure associated to the model allows us to introduce the quantities of interest
in assessing its type.

By adopting the notation of [14], a model is said to be of type Z, F, and M, if all the sites flip
infinitely many times (a.s.), finitely many times (a.s.), or some sites flip infinitely many times and the
others do it finitely many times (a.s.), respectively.

In particular, using standard ergodic arguments one can see that for a (k, «,v; T)- model on a d-graph
G the quantity

{z € Bu(v) : [Nu| = o0}
|Be(v)]

P = pI(k7aa,y;T> = eli)rgo

does exist and it is constant almost surely, and it does not depend on the vertex v (for details see [14, 23]).
We also define

. x € Bp(v) 1 |Ny| < o0

Therefore pz + pr =1, and

e if pr =1 (pr =1, resp.) then the (k, a,~;T)-model on the d-graph G is of type Z (F, resp.);

e if 0 < p7 < 1 then the (k, «,v; T)-model on the d-graph G is of type M.
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3. CONDITIONS FOR pz >0

The first results are given in a general setting, where the interactions J and the initial configura-
tion o (0) are provided; moreover, they could be presented for a completely general Glauber dynamics
associated to a Gibbs measure and, thus, associated to a Hamiltonian.

First, we give the following uniform integrability condition

Definition 1. Let us consider a d-graph G = (V,E). The temperature profile T is said to be fast

decreasing to zero if, for a (k,(J),(c); T)-model on G, one has

lim sup  E(N, N[t,0)| | a(t) = &) =0,
t—o0 &E{*ld’l}v

foranyz eV, keN, Je{-1,+1}F.

Notice that the condition of being fast decreasing to zero is an asymptotic property of the temperature
profile, and the complete knowledge of the behavior of T is not required.

An immediate consequence of the previous definition is the following

Lemma 1. Let us take a (k,{(J),{o); T)-model on a d-graph G = (V, E) with T fast decreasing to zero.

Then

E(IN, |) < oo, for any z € V. (14)

Furthermore, for any finite set Vo C V,

lim inf P[] {N; N[t,oo) =0} | o(t) =6) =1, (15)

t—oose{—1,+11V
se{-1+1} zeVy

and

P ( N = @}) > 0. (16)

z€Vy
Proof. Let us define
K,=|{Ae A, : A>x}|, K:rglea&(Kz. (17)
Clearly, for any € V, K is finite and also K is finite because it corresponds to take the maximum
only inside Cell.

Since T is fast decreasing to zero, we can take ty sufficiently large to have

sup  E(JN; Nto,00)| | o(te) =0) < 1.
Ge{—1,+1}V
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One has

E(IV, ) = E(V, N0, t0)]) + E(IN; N [to, 0)])
<E(Q.N[0,t0))+ sup  E(N, N[te,0)| | o(te) =6) < Ktg + 1,
oe{—1,+1}V
and (14) is proved.
To prove (15) we notice that, by continuity of the measure and being T fast decreasing to zero, for

each € > 0 there exists tg > 0 such that for all t > tg and x € V}

inf PN, N[t,oo)=0|0o(t)=0)>1—c¢,
s BV N[00 =0 | o) =6) > 1<

and thus

o= inf P(ﬂ {N, N[t 00) =0} ‘ J(t):(}> >1—¢|Vyl.

&6{717+1}V zeVy
This leads to (15).

Finally, by the Markov property

P(ﬂ {Nm—®}> ZIP(ﬂ{Nmm,to)—@}) o

z€Vy zeVo
But
P ( () NV n0,t0) = @}) >P ( () {Q=N[0,t0) = g)}) > ¢~ KIVolto < .
z€Vy zeVp
For ¢ < ﬁ, one obtains (16). .

Theorem 1. Let us consider a (k,(TJ), {o);T)-model on a d-graph G = (V, E).
o If

limsupT'(¢) Int < 4, (18)

t—oo

then the temperature profile T is fast decreasing to zero.

o If, for a givenx €V,

litm inf T(t) Int > 4d,, (19)

then N, is infinite almost surely.
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Proof. We start by proving the first item of the theorem.
By (18) one has
1.
r=7 limsupT(¢) Int < 1. (20)

t—oo

We also consider a constant a € (1,1). Given N (resp. N,), for z € V and n € N, we define

Ny =Ng N[n—1,n) (resp. Ny =Ny N[n—1,n)).
Thus, there exists 7 € N large enough such that, for any n > n, t € [n — 1,n), J € {-1,+1}F,

o € {—1,+1}V one has

1 1
m > sup {C{va(A)(o') : C{vT,(A)(O') < 2} , for A > x. (21)
In fact, for any ¢t € [n — 1,n) using (4) and the fact that H% decreases in x, one has
JT,(A) 1 J.T,(A) 1

By (20) and for a given ' € (r, 1), there exists ¢’ such that for any ¢ > ¢’ then 4/T'(t) > Int/r’. Now, it
is sufficient to take n = [¢'] + 1.

The second inequality in (22) gives that, for any n > 7 and for any t € [n — 1,n)

J . T,(A) 1 _ 1 1
Cy (U) < 1+elnt/r’ - 1+t1/r/ < (n_ 1)1/r"
By setting ' = 1/a, we obtain (21). We set p,, = ﬁ, for n > n.

Then, for t > n,

sup BN, N[Loo)]l [o(t)=6) < sup > E(IN,,])

se{—1,+1}V se{—1,+1}V n—|t]

S Z E( Ym,n,i)a (23)

n=|t] (=1

where Q, , = @, N[n—1,n) and (Y; ¢ : £ € N) are i.i.d. Bernoulli random variables with parameter
pr, independent from Q, ,,. Notice that we are implicitly considering a common probability space for all
the random variables. The last inequality in (23) comes from the graphical representation.

Using the definition of K given in (17), the proof of the first item of this theorem ends by noticing

that the last term in (23) is smaller or equal than

oo o0

Y E(QunE(Vant) <K Y E(YVen1) =K Y ﬁ

n=|\t] n=|t] n=|t]

the last term tends to zero for ¢t — oo.
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We give now the proof of the second item of the theorem.

Condition (19) gives

n= . lifm inf T(t)Int > 1. (24)

4d,

For x € V and n € N, we define the event
Fom={30eN: 15, € [n—1,n)},

i.e. there is at least an arrive for the Poisson Py,y in the interval [n —1,n). We consider the collection
of independent and equiprobable events (F, ,, : # € V, n € N). In particular, P(F, 1) =1—e %

There exists 7 € N large enough such that, for any n > 7, it results

1
- < inf{cf’T’(A)(a) ten—1,n),Je{-1,+1}¥ o¢c {—1,+1}V} A>z.

In fact, by (4), one has

J.T,(A) 1
Ct (U) Z 1 + e4dm/T(t) .

Therefore, by (24), there exists ¢’ such that for ¢ > ¢’ one has 4d,/T(t) < Int. Analogously to the
previous item, define 7 = [¢/] + 1.

Hence, for any n > 7 and for any ¢t € [n — 1,n)

J.T,(4) 1 1 1
“t R el ey

Then by Lévy’s conditional form of the Borel-Cantelli lemma (see [31]), one obtains the proof of the
statement.

In more details, let us consider n € N and define G,, as the o-algebra generated by all the Poisson
processes until time n and the related U’s. Hence, the process o(-) is seen as a function of the Harris’

graphical representation. Let us define the event

1
— _ J,T,({z _ _
Bn = Fon 0{Uay i) < 20750 (0 (Tay i)} 2 Fon W {Ugay i) < 75757
where {(n) = inf{{: 7,1, € [n — 1,n)}.
Therefore, E,, € G,, and P(E,|G,—1) > 11’_21 and this implies that
Z 1p, =0 a.s. (25)
n=1

Formula (25) guarantees that 5S¢, U S({)x} oY SE;} ., is unbounded a.s.. Hence, |N,| = oo a.s.. O
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Remark 2. Consider the cubic d-graph Lq = (Z,Ey). In this case d, = 2d, for any x € Z¢. Moreover,
given a connected finite subset A C Z2, then |{e = {z,y} € Eq : € 0A,y € 0°**A}| is even. In this

case, condition (18) can be replaced with a less restrictive one as follows

limsupT'(¢)Int < 8. (26)

t—oo

In fact, for each J € {—1,+1}F and o € {—1,+1}V, the flips in opposition of the Hamiltonian have
AaHg(0) > 4. This statement can be generalized to the case of a site x with even degree d,.

In particular, d = 1 is associated to d, = 2, for each x € Z, and also |{e = {x,y} € E1: 2 € A,y €
0"t A}| = 2, where A C Z is connected. If there exists limy_ o T(t)Int # 8, then one among hypotheses

(26) and (19) is verified.

As an immediate consequence of Theorem 1 we obtain

Corollary 1. Let us consider a d-graph G = (V, E) and a temperature profile T such that liminf;_ ., T'(¢)Int >
4dg. Then the (k,(TJ),{c);T)-model on G is of type I, for any k € N, J € {-1,+1}F and o €

{—1,+1}V.

To the benefit of the reader, we now adapt Lemma 5 in [14] and related definitions to our context of

nonhomogeneous Markov process.

Definition 2. Let us consider a continuous-time Markov process (Zs : s > 0) with state space Z.

Moreover, let us take a measurable set A C Z. The set A recurs with probability p € [0, 1], if

P({s>0:Zs; € A} unbounded) = p.

We also say that a measurable set B C Z[01 recurs with probability p € [0,1], if

P{t>0:(Zt4s:s€]0,1]) € B} unbounded) = p.

Lemma 2. Let us consider the process Z = (Z; : t > 0) and the events A and B as in Definition 2. If

A recurs with probability p € (0,1] and

o : e
inf inf P((Zers : s €[0,1]) € BlZ; = 2) 26 >0, (27)

then B recurs with probability p’ > p.
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Proof. Let us define W = {{s > 0: Z, € A} unbounded}. If W occurs we can define recursively an

infinite sequence of stopping times (T} : j > 0) such that Ty = 0 and
Tjp1 =inf{t >T;+1: 7, € A}, for j >0, (28)

with the convention that inf ) = co.

Let

Gn = o-algebra(Z; : t < Tp11), (29)

for n > 0.

By the strong Markov property and formula (27), one obtains
P ((ZTj+s G [O, ID S B‘gj_1) >, (30)

on W, for j € N. By (28) and (29) one has {(Z7, s : s € [0,1]) € B} € G;.
Formula (30) gives that

ZP ((Zr,4s : s €10,1]) € B|Gj—1) = o0 on W.
j=1

The Lévy’s extensions of the Borel-Cantelli Lemma implies that

o0
'21 1{(ZT].+S:SE[O,1])€B} =00 P—a.s.
i=
on W. Therefore B recurs at least with probability p. ]
Now we introduce a new condition on the d-€ graphs.

Definition 3. Let us consider k € N. We say that a d-E graph G = (V, E) is k-stable if there exists a

vertex v € V' having d, even such that both the following conditions are satisfied

o if x € 0°“{v}, then d, > 3;

o if A€ Ay is such that v € QAU "' A and |A| > 2 then

{{z,y} € E:x € DA, y € 0 A} —d, > 0.

Notice that if a d-£ graph is k-stable, then it is k’-stable, for any k' < k, being Ay C Ai. We also
notice that for £ = 1 the second condition of Definition 3 is automatically satisfied.

An example of a k-stable d-€ graph is the cubic lattice Ly = (Z%, Ey), for each k € N and d > 2.
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The case Ly = (Z,E;) is an example of a d-£ graph that is not 1-stable, and thus it is not k-stable

for each k£ € N. In fact, the first condition in Definition 3 is not satisfied.

Lemma 3. Let k € N and G = (V, E) be a k-stable d-E graph. The vertex v € V is as in Definition 3.
Consider F, = {f1,..., fa,} as the set of incident edges to v, i.e. f; N{v} ={v}, fori=1,...,d,. The

interactions J are taken as follows
+1, ifeé¢F,
Je=9q —1, ife=fifori=1,...,d,/2
+1, ife=fifori=d,/2+1,...,d,

and the configuration o = (o, : u € V) € {=1,+1}V with 0, = +1 for u € V \ {v}. Then, for any

A € Ay with A # {v} one has AaH7(0) > 2.

Proof. If A € Ay, and v ¢ 9A U 3** A, then there is nothing to prove because all the interactions and
spins involved in the computation of AsH (o) are equal to +1.

If A= {z} with v € 9°** A then

A{I}HJ(O') =2 Z J{w’y}O'IO'y = QJ{LU}O'JCO'U + 2 Z J{z,y}O'ny
yeVi{z,y}€E yeV\{v}:{zy}eE

= 2(]{30,1,}0'30'7, +2(dy — 1) >2(d, — 2) > 2.

If A€ Ay is such that v € 9A U 9°** A and |A| > 2 then

AAHJ(U) =2 Z ‘]{I,y}away-
{z,y}€E:x€cdA ycdert A

The previous sum is done on |{{z,y} € E: z € A,y € 0°“* A}| terms. At most d,/2 of theses terms are

equal to —1. Therefore one has

AaHg(0) > 2(|[{{z,y} € E:x € DA,y € 9" A}| — d,) > 2.

Theorem 2. Let us consider a (k,a,~;T)-model on a k-stable d-E graph G = (V,E), with k € N,

a € (0,1), and v € [0,1]. If T is fast decreasing to zero and positive, then pzr > 0.
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Proof. By contradiction, we suppose that pz = 0.

In this proof we will use several stochastic Ising models sharing the same realized random configuration
o but with different interactions. Among them, we denote by original system the model on the k-stable
d-& graph G = (V, E) with realized random interactions 7. In the graphical representation we denote
the Poisson processes associated to the original model by (P4 : A € Ay), and the related uniform random
variables by (Ua, : A € Ag,n € N).

By the assumption that the d-£ graph is k-stable, there exists a vertex v € V with even degree
satisfying the properties given in Definition 3. We select such a vertex. Let us consider the sets By (v)
and Bsgy(v), where we are using the constant k given in the statement of the theorem.

Define

Ty,

0

=inf{t > 0:Vt' > t,Vz € Vo, 0,(t") = 0.(t)},

for a finite subset V) C V. We notice that Ty, is not a stopping time.
+ . (1) _ (1) (1)
For M € R, let us introduce the event Fy;” = {Tg, (w)\ By (v) < M}. It results that Fy, C Py
when My < M.

By hypothesis that pz =0,

; 1y _
]\4hi>noo P(Fy,/) =1 (31)
Now, recall the concept of F,, = {f1,..., fa,} introduced in Lemma 3 and consider all the finite

possible interactions 7™M, ..., 7@ ... 7@ € {~1,+1}F obtained by taking:

A) all the interactions between two vertices =,y € Byx(v) such that {z,y} € E\ {fi,..., fa,/2} are
equal to +1, while the interactions Jy,, where f; € F, withi =1,...,d,/2, that are equal to —1;

B) if e = {z,y} € E with x € 9°**Byx(v) and y € 9By (v), the interaction J, is arbitrary;

C) all the remaining interactions coincide with those of the realized interactions J of the original

system.

The value @ is finite because we are dealing with d-graphs, and it depends on G, k and v.
We will construct a coupling among all the different systems with interactions 7, ..., 7@, ... 7@,
All the quantities related to the g-th system are denoted, in a natural way, by adding, when needed,

to the original quantities the superscript (g).
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Recall that all the systems described above share the initial configuration o of the original one.
Moreover, the collection of Poisson processes (P4 : A € Aj) are assumed to be common for all the @
systems until time M and, accordingly, the systems share also the same variables U’s defined in (5).

Given the g-th system, we define the set
DY = {zeV:o,(M)+#c M)}

It is known that |D(@)| < 0o a.s. (see e.g. [25]).

We introduce the random set

Q
D= [U DD | U B4k(’l)),
q=1
so that |D| < oo a.s.
For any M € R* and M’ > M, we define
Fifar = M {Tan (M. = 0},

A€ A, (AUt A)NDAD
i.e. there are no arrivals in the time interval [M, M'] for the Poisson processes P4 labeled by A € Ay

with (AU 9°**A) N'D # (). In this case one has FE)M, D FIS)M, when M < M| < M}. Furthermore,
54V s Vig

lim P(F? ) =1. 32
M’1—>n]1\/[+ (M7M) (32)

Notice that the probability in (32) depends only on the difference (M’' — M).

Among all the different systems —described in A), B) and C)— we select the only one having interactions
such that J, = 0,(M) when e = {z,y} € E with z € 9°“*By(v) and y € By, (v). We denote such
random interactions as J. We call the corresponding system as capital system, this process is denoted
by (X(t) : t > 0). We assume that it is a stochastic Ising model, and we will check it below.

We denote by Sy, (resp. N,) the random set in (6) (resp. in (9)), by replacing o with X.

For M € RT, we define

FY = N {SiwNIM, c0) =0}
A€A,:ACByy (v)
One has that FJEZ) - Fl(ji when M, < M.

Observe that

) Ny N[M,00) =0} C .

TE€ By (v)



ISING MODEL WITH FLIPPING SETS AND FAST DECREASING TEMPERATURE 21
Since (X(t) : ¢t > 0) will be proved to be a stochastic Ising model, we can use (15) in Lemma 1 in order

to obtain

lim P(F) = 1. (33)

M — o0

By (31) and (33) one can select M large enough to have that IP’(FIE/?) > 3/4, for i = 1,3. Now, by
(32), one can take M’ close enough to M so that P(Fﬁ’)M,) > 3/4. Therefore, under such choices of M

and M’, one has

P(Fy) NFyh NE) > P(FY) N Fyy, N FY) >

e~ =

We define (P4 : A € Ay) a set of Poisson processes with rate 1 that are active in the time interval
[M, M'] and independent from all the other Poisson processes and also from the U’s of the original
system.

We call T4 = (Tan € [M,M'] : n € N) the set of arrivals of the Poisson process Pa. In order to use
Harris’ graphical representation, we define a set of uniform random variables (U4, : n € N) associated
to Ty, for any A € A;,. The U’s are independent from all the Poisson processes and from the U’s of the
original system.

Given A € Ay, we consider a new process P} whose set of arrivals 74 is defined as follows:

{TaN0,M}UTAU{TaN[M' o)}, if A={x}and x € D;
T (34)

Ty, otherwise.

For each A € Ay, the set T} is distributed as a Poisson process of rate 1, and (P} : A € Ay) is a set of
independent Poisson processes with rate 1, which are also independent from the U’s and from the U’s.

The U’s (resp. U’s) are used when the arrivals of the Poisson processes are taken from T4 (resp. from

Ta).
All these random quantities are employed to construct the capital system (3(¢) : ¢ > 0) via the
graphical representation. Since (P} : A € A) is a collection of independent Poisson processes and by

definition of the U’s and the U’s, the capital system is a stochastic Ising model.

‘We set the constant

3

nv,m =  inf inf inf inf {cJ’T’({w})(U) 1- c{’T’({gC})(U)}.

te[M,M'|z€V ce{—1,4+1}V Je{-1,+1}F
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We notice that nas,a > 0. In fact, the temperature profile T' is positive in [M, M'] and ¢ ranges in a
compact interval. Moreover, x could be taken only in Cell for the periodicity of the d-graph, and this
implies also that J and o could be considered only in a finite region.

We define the events

= () [{Te = Feal)

2E€D\ By (v)

WUtay 1 1is, 00 20. )y < Mz} N {Ugay1 > s, ()=0, ()3 (1 = 0ar,00) }

and

in?,)M/ = m [{T{x} ={Ta}11}

zE€Byk (v)

MUy alis,n=—13 <M} N {0y = Lis, =413 (1 — M) -

By the independence properties of the considered random quantities, it results
P (F{fh 0 D ‘ FP 0 Fy 0 FD)
> 3 [ - e O] B (191 = €] E 1 FD 0 FER) >0
£=0
and this gives P (F{ 0 Fi7,, 0 F 0 FDy 0 FR) > 0.

Assume from now on that F]EJI) N Fﬁ?M, N F]S’,) N F]E;L,)M, N FJS,)M/ occurs.

We claim that X, (M’) = +1, for each u € By (v). In particular, on FIEZ)M, N Fﬁ)M,, for u € Byy(v)
one has the occurrence of only one arrival in [M, M'] of the Poisson processes involving u, and such
an arrival is 7r,;,;. On FJS)?M, this arrival generates a flip at u for the capital system if and only if
Yu(M)=-1.

We also claim that ¥, (M’) = 0, (M’) for each u ¢ Byx(v). We prove it by separating two subcases:
(i) w € D\ Bag(v) and (ii) u ¢ D.

(i) On Fz(vi)M/ N FI(\;?M, for uw € D\ Byy(v) there is only one arrival in [M, M’] of the Poisson processes
involving u, and the arrival is 7(,; ;. On F ](V}L’)M, this arrival generates a flip at u for the capital system
if and only if ¥,,(M) # o, (M).

(ii) On F]Ej’)M, one knows that the arrivals in the interval [M, M’] involving the sites outside D are
the same for the original and the capital system. Moreover, the original and the capital system share
the same configuration outside D and the same U’s. Therefore, such systems have identical flips outside

D. Since X, (M) = o, (M) for v ¢ D then X,,(t) = 0, (t) for u ¢ D and ¢t € [M, M'].
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We now need to check the following:
(H) for any t > M’ we have 3, (t) = 0, (t) when u ¢ Byx(v) and X, (¢t) = +1 when u € By (v) \ {v}.

We can define recursively the sequence of random times (¢, : £ € N). Let

Yy = inf{TAm >y_q1: A€ A, with (A @] 8eth) N B4k(’l)) #+ (Z),TL S N}7

for £ > 1 and the conventional agreement that g = M’.

For each ¢ > 1 one has that the random set

T, = {TA,n S [’lﬁefl,’lbg] : A e A, with (A @] 3eth) N B4k(’0) = (Z),n S N}

has infinite cardinality a.s.

In the interval [M’ 1)) we are dealing only with arrivals having A € Ay such that (A U 9°**A) N
Byi(v) = 0, hence belonging to T;. Therefore, by construction and from the fact that ¥, (M’) = o, (M’)
for each u ¢ Byg(v), the original and the capital system share the same flips in T;. This leads to
2. (t) = 0y, (t) when u ¢ Bag(v) and X, (¢t) = +1 when u € Bag(v) \ {v}, for t € [M’,41].

Now we analyze the arrival in ¢;. There exist unique (a.s.) A € A and n € N such that the arrival

Ta,n = 1. Four cases can be considered for the set A. They are presented and discussed below.

o A={v}.
In this case a flip at A influences only %,,(¢;"). Therefore ¥, (¢) = 0, (1)) when u ¢ By (v)
and ¥, (1) = +1 when u € By (v) \ {v}.
o (AUO“'A) C Byy(v) and A # {v}.
By Lemma 3 we know that AaH 7(3(¢1)) > 2. However, the occurrence of FJS’/) guarantees
that this arrival does not correspond to a flip.
o A C By(v) and 0°**A ¢ By (v).
By the selected interactions [J for the capital system (in particular: if e = {x,y} € E with
x € 0°' By (v) and y € OBy (v), then J. = 0, (M) = 0,(M’) = £,(M’)) we are in the position

of applying Lemma 3. Analogously to the previous case, Flﬁ’? assures that there is not a flip at

Ain ¢1.

o A ¢ Byr(v) and (AUt A) N Byy(v) # 0.
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By the selected interactions J one has

A H7(E(W1)) > AaH g (0 ().

Formula (4) says that
7,T,(A T,(A
e "N ) < T (o). (35)

The occurrence of F ](\}) assures that there are no flips at A after time M for the original system.
Hence, since the original and the capital system share the same U’s, (35) states that there is not

a flip at A in ¢ for the capital system.

By iterating the arguments above, we obtain (H). In particular, the event

A = {all the spins in By (v) \ {v} are equal to + 1}

recurs with probability p > P (F{j 0 F{P, 0 F{Y) 0 Fip, 0 FRy ) > 0.

When Y(t) € A there is a positive probability that there is an arrival for the Poisson Piryy in the
interval [t,z 4 1]. Such an arrival has probability 1/2 to generate a flip at {v}, being A, H 7(X(t)) =0

for each t > M’. Thus, by Lemma 2, the event
{Z,() has a flip in [0, 1]}
recurs with positive probability greater than or equal to p.
Re-sampling the interactions of the original system only over the finite set
{e ={u,w} € E: {u,w} N Byp(v) # 0}

there is a positive probability that it coincides with the interactions of the capital system, since « € (0, 1).
Therefore, also in the original one, the probability that |N,| = oo is positive. Hence, by ergodicity, pr

must be larger than zero. This concludes the proof. (Il

Remark 3. We notice that, the previous theorem can be generalized by considering the parameter o €
(0,1) but giving the initial configuration o € {—1,+1}V. In this case we can only prove, following the
same line of the previous proof, that there exists a positive frequency of vertices that flip infinitely often.

Hence, in general, we only know that

— {x € Be(O) : x flips finitely many times}| >0
{—00 |B¢(0)] ’
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but the limsup could not coincide with the liminf and they could depend on the initial configuration o.
We can conclude that for any initial configuration o the model is of type M or Z. This means that there

is not convergence of the process almost surely.

We now present a theorem in which we explore the possibility that pz is larger than zero without
requiring the positivity of the temperature profile. The basic assumption is that some specific sites fixate.

We address the reader to the next section for sufficient conditions to obtain pz > 0.

Theorem 3. Let us consider a (k,a,v;T)-model on a d-graph G = (V,E) with k € N, a € (0,1),
v €[0,1] and T fast decreasing to zero. Suppose that there exist finite sets R, R’ C V, a finite set S C E,
6r=(64:u€R)€{-1,+1}F, and Js = (J. : e € S) € {1, +1}5 with the following properties
(i)
P ( (M {Jim ou(t) =6} () {Je = JL}) > 0. (36)

ueR eeS
(ii) For any J coinciding with Js on S and for any o € {~1,4+1}V coinciding with 6z on R there
exists D € Ay, such that D C R, with ApH (o) < 0.

Then, the model is of type M.

Proof. First of all, we notice that there exists J € {—1,+1}¥ coinciding with Js on S with positive
probability, since S is finite and « € (0,1).
By (36) and by ergodicity one has that pz > 0. So, it is sufficient to prove that pz > 0.
In the following we use the probability measure P(-) = P(-[(,cg{Je = J. ).
We define the set
A={oe{-1,41}V :0, = 64,Yu € R}.
By definition of 6, we know that A recurs with positive probability. The set D in the statement of the

theorem depends on o. We write
Ap={oec{-1,41}V :0, =6,YVuER, ApHz(c) <0},

for D € Ay, such that D C R’. Thus, A = Ubea,.pcr Ap is a finite union. Therefore, one can select a
D € Ay, with D C R’ such that Ap recurs with positive probability.

Now, the set B, in the frame of Lemma 2, is taken as

B={S},USph, #0}.
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Then
aier}ﬁlf,; 7212151—7(((7@ +5):s€10,1]) € Blo(t) = 0)
> %P({TD AlEt+ 1 £0 N {Tan[tt+1) =0:VAC A with A+ D, AN (R UIR) £ 0}), (37)

where 1/2, in the previous formula, is due to AzH 7(o) < 0.

By the independence of the Poisson processes, (37) is larger than or equal to

%(1 o 671)67K|R’U8”tR’\ >0,
where K is given in (17).

Lemma 2 guarantees that B recurs with positive probability. Thus, the ergodic theorem assures that

pr > 0. (]

Example 1. In Figure 1 we provide an example. It is here represented a region of the d-graph G, with
d = 2. For the notation, see Theorem 3. Consider k =1, a € (0,1), v € (0,1] (resp. v € [0,1)) and
T fast decreasing to zero. Set the black bullets as sites with spin +1 (resp. —1) and the other spins
can be arbitrarily selected. The set R is formed by the black bullets. The set S is given by all the edges
connecting a black bullet with another black bullet or with the white one. The continuous line segment
represents an edge e with J. = +1, while the dotted line segment is associated to J, = —1. With positive
probability the spins over R do not flip, and remain constant at +1 (resp. —1) if initially taken positive
(resp. megative) (see (16) in Lemma 1). Assume that this is the case. R’ is formed by the cental white
bullet. So D = R’ and ApHy(c) = 0. Hence, pr > 0. Notice that the only interactions which really

matter are those in S, while the other ones can be arbitrarily selected.

We finish the section with a particular case in which we show that the parameter k plays a role to
establish the class of a (k, v, v; T)-model. Tt is known that the (1, «,; T)-model on the hexagonal lattice
is of type F when T' = 0 (see [23]) and in the next section this result is proven when T is fast decreasing
to zero (see Theorem 5). It is important to notice that the hexagonal lattice in our framework is a
2-graph.

In the following result we show that a (k,1,1/2;T)-model with k& > 2 cannot belong to F. The

question if it is of kind M or Z remains open.
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FIGURE 1. Example of 2-graph in which Theorem 3 can be applied. Such a graph can be also

used as an example of Theorem 6.

Theorem 4. The (k,1,1/2;T)-model on the hexagonal 2-graph Gg = (Vi, Eg) with k > 2 is not of

type F, for any temperature profile T.

Proof. By contradiction suppose that the model is of type F. Therefore there exists, for any = € Vg,

oz(0) = tlgr()lQ ox(t) a.s.

We denote with o(c0) = (04(00) : € Vi) the random limit configuration. By ergodicity and since

~v = 1/2 we obtain that

. Hz€By(v):ioz(c0)=+1} 1 s
Jm By(0)] 3 o (38)

for any v € V.

As in [23] we define the domain wall D¥ as a subset of the hexagonal dual lattice, which separates
the positive spins from the negative ones by joining the center of the hexagons (see Figure 2). By (38)
DH £ () almost surely. The dual lattice is formed by three classes of edges: the vertical edges, the
ascendent ones and the descendent ones (see Figure 2). As in (38), there exists the density pyer (pascs
Pdes, resp.) of the vertical (ascendent, descendent, resp.) edges of the domain wall. By symmetry and
being DH #£ ), we have that pye, = pase = Pdes > 0 almost surely.

On each site v € Vi with 0, = —1 we consider the triangle ®, y connecting the centers of the three

hexagons containing v. Such triangle is a closed convex set, in that it is given by its internal part and
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ascendent

descendent

FIGURE 2. The hexagonal lattice with the domain wall D¥ in bold. The squares and the
bullets represents spins with opposite signs in the two situations of 27 /3 (left panel) and /3

(right panel) angles.

its boundary. We introduce the set containing all such triangles
o= |J Qum
vEVHio,=—1
The set D is the boundary of the set ®5. Simplicial homology arguments (see [27]) gives that the
domain wall D¥ can be decomposed in connected components, each of them belonging to one of the

following families:

e Closed component: the component is given by a sequence of edges forming a cycle.
e DBidirectional infinite component: the component is not closed and each edge belonging to the

component has two adjacent edges; moreover, such adjacent edges are disjoint.

Two adjacent edges of the set D¥ may form an angle of 7, 27/3 and 7/3.

If there exists a closed component, then there exists at least one couple of adjacent edges forming an
angle different from 7. In this case, by ergodicity, the sum of the densities of angles 27/3 and 7/3 is
different from zero.

If all the components are of type bidirectional infinite, then we have two subcases. One of the
components has an angle different from 7 or, otherwise, the components are straight lines (for example,
with all vertical edges). In the case of components with an angle different from 7, ergodicity leads that,
as in the case of existence of a closed component, the sum of the densities of angles 27/3 and /3 is
different from zero. The straight line case has zero probability to occur. In fact, ergodicity and symmetry
guarantee the existence of another component of D¥ which is a straight line as well and it is not parallel
to the vertical one. The intersection of the two components forms an angle different from =, and we fall

in the previous case. However, we notice that the coexistence of two nonparallel straight lines is absurd,
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in that one of the spins at the four corners formed by the intersection of the components should have
simultaneously value +1 and —1.

If the density of the angles /3 is different from zero (see Figure 2, right panel), then we have two

edges {z,y},{y, 2z} € Ey such that the random time
Tiay.y =mf{t e Ry V' > t, 0,(t") = 0.(t') = —0y(t')}

is finite a.s.. However, there are infinite arrivals of the Poisson Py} in the random interval (T, .}, 00)
and at each arrival the site y flips with a probability at least 1/2 (the value of such a probability depends
on the temperature at the arrival time, and it is one in the case of zero-temperature). By Lemma 2, we
have a contradiction and the (k,1,1/2;T)-model is of type M or Z.

If the density of the angles /3 is zero, then the density of the angles of 27/3 is different from zero
(see Figure 2, left panel). In this case there exists an edge {x,y} € Epy and its four adjacent edges
{z1,2},{x2, 2}, {11, v}, {y2,y} € Eg such that the random time

T,

WYHT1,T2,Y1,Y2}
=inf{t e Ry :Vt' > ¢, 04, (') = 0y, (t') = =04, (t') = —0y, (') and 0, (') = oy (')}
is finite a.s. Analogously to the previous case, there are infinite arrivals of the Poisson Py, ) in

(T'(2,y,21,22.51,y2}» ) and at each arrival the set {z,y} flips with a probability equals to 1/2. Lemma 2

leads to a contradiction, therefore the (k,1,1/2;T)-model cannot be of type F. O

4. CONDITIONS FOR pr >0

In this section we give some sufficient conditions to obtain pr > 0. Let us consider a d-graph

G = (V,E). For a finite set A C V, we define
E(A) = {{u,v} € E:u,v € A}
For J € {—1,+1}¥, 0 € {—1,+1}V, we also set

HA,J(O') = — Z JeO'xO'y (39)
e={z,y}€E(A)

and

Das(o) = ”|X(“) (40)
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We are now ready to present the following

Lemma 4. Let us consider a d-graph G = (V, E). For any J € {—1,+1}F, 0 € {-1,+1}V and any
finite set A C V one has

Dp g(0) € [=dg/2,dc /2],

where dg is the mazimal degree of the graph G.

Proof. We rewrite the expression in (39) as

HA’j(U) = —% Z Z J{xvy}azay

zEA | {z,y}€E(A)

The term inside the square brackets belongs to [—dg, dg]. In fact, for any & € A, by definition we have
dy < dg and Jgy 43, 04, 0y € {—1,+1}. Thus

dg|A| dg|A
Hn gt < [l el

By (40), we have the thesis. O

We give two more definitions that will be used in the proof of the next lemma. They are based on the

embeddedness of the d-graph and on the concept of cell. For a d-graph G = (V, E) and ¢ € N we define
Zy={Ae A, : AN[—,0)" # 0 and (AU A) ¢ [—¢,0)"}
and
zZf= {Ae A, : (AU A) C [, é)d}.

Thus Z, N ZZ' = (). By definition, there exists a constant M ¢ > 0, depending on k and the graph
G, such that |Z,| < My 04" for any ¢ € N. Analogously, there exists a constant M,j'G > 0 such that

12} < Mligﬁd for any ¢ € N.

Lemma 5. Let us consider a (k,a,v; T)-model on a d-graph G = (V, E) with k € N, a € [0,1], v € [0, 1]

and temperature profile T fast decreasing to zero. Then E[|SX7OO|] < oo for any A € Ay.

Proof. Let £ € N. We denote the quantity Hy g ¢ 7(-) by He 7 ().

We claim that there exists the following bound for H, 7(o(t))

Heg(0(t) =Heg(0(0) < > kdG|Sy 1+ Y kdalSy,USKUST,|=2 Y [S1l, (41)
A€AR:AN[—£,0)2£0) A€z, Aezf
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where kdg represents an upper bound for A4 H 7(c), for each o € {—1,+1}V and A € Aj while —2is a
lower bound for the case in favour to the Hamiltonian, and comes out from (2).
Notice that the sets A € A such that AN [—¢,¢)¢ = () do not appear in (41) because, in this case,
Heg(0) = Heg (o).
We check (41) by recursion.

Now, define

5=inf{s €Sy, U8, USE, : A€ A, and AN[-£,0)7 #0}.

By the finiteness of the set of all the A € Ay, intersecting [—¢,£)9, then there exists a unique (a.s.)

Ay € Ay with Ay N [—£,£)? # () such that
5€8,,,USY,  USH ..

Then

He,7(047(0)) = He,7(0(0))

S kda - [ Laeavaini-eot20y “ Lises; )+ Haezn| =2 Laezsy  Lisess, 1

Thus, by induction one obtains (41).

By Lemma 4 one has
E[Dva-e,00,7(0(t))] € [-da/2,da/2]. (42)

By applying the expected value operator to the terms in inequality (41) and by (42), one has

B[y, 7(0(1))] < gdalVourl (20)"

+E > dak|Sy,|| +E
A€ A AN[—£,0) 40

> dgk|Tan [O,t“] 2B > ISEI, (43)

A€z, Aezf
since Sy, USY,USH, CTaNn|0,t].
Now, we bound the single terms of inequality (43).
By (14) in Lemma 1, one has
E > dgk|Sy,|| <E > daklSy || < Crrt?, (44)
A€A:AN[—L,0)4£0 A€A:AN[—L,0)4£0
where the constant C j, can be chosen in such a way that it does not depend on £. In fact, by translation

invariance, the expected value over a cell is equal to the expected value on any other cell.



32 ROY CERQUETI AND EMILIO DE SANTIS

By the bound on the cardinality of Z, we obtain

E

Z dgk‘TA N [O,t”] < dgk|Zg|]E [|TA n [O,t]u = dgkt|Zg| < dgkth7gfd71. (45)
AeZy

Now, by contradiction, suppose that there exists A € A;, such that ]E[|Sjir I =00, For £ large enough,

one has

2-E| Y [SE,l| = R[Sk, et (46)
Aezf

By (43)-(46) and for ¢ large enough, one gets

1
E[He7(0(t)] < Sda|Veen| (20" + Crpl? + daktMy 0" — E[|S7 16 (47)
The monotone convergence theorem leads to lim;_, ]E[|Sj‘: (] =oc. Let us take t = (/2. Therefore
1 Ci dakMy o 1
E[D 0Py < 2d ’ L2 ———E[ST .
D (7)) < pha 24| Ven| * 24|\ Vel 24| Ve 15501721
If ]EHS:{OOH = oo the r.h.s. of the previous inequality should become smaller than —%d(;, for ¢ large.
This is in contradiction with Lemma 4, therefore ]E[|Sj4-' L < oo O

We notice that only in the case of a temperature profile T' that does not satisfy Corollary 1 one can
hope to obtain px > 0.In the following we work under the assumption that the temperature profile T is
fast decreasing to zero and we give, jointly to it, some sufficient conditions to obtain ps > 0.

Next two theorems provide conditions for pz > 0. Analogous results are in [14, 23] for the case k = 1.

Theorem 5. Let us consider a (k,«,~;T)-model on a d-graph G = (V,E) with k € N, a € [0,1],
v € 10,1] and T fast decreasing to zero. Suppose that there exists v € V such that, for any A € Ay
with A > v, the cardinality of the set T4 = {{u,w} € E : u € 0A,w € 9°**A} is odd. Then pr > 0.

Specifically, lim;_,o 0, () exists a.s..

Proof. Let us consider A € A;, with A 3 v. As in [14, 23], we notice that if t € T4 corresponds to a flip
at A, then t € Sy  US} . Formula (14) in Lemma 1 implies that |Sy,| < oo and Lemma 5 states

that |S},| < oo, almost surely. Thus, we have |N,| < oo almost surely. By ergodicity, pz > 0. O

Theorem 6. Let us consider a (k,a,v;T)-model on a d-graph G = (V,E) with k € N, a € (0,1],

v € (0,1] and T fast decreasing to zero.
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Assume that there exists a finite set B C V' such that |B| > k and for any A € A, with AN B # ()

one has

{{u,v} e E:ue ANB,v e AN B}| >

H{u,v} e E:ue A,ve A°NB} + [{{u,v} € E:ue ANB®,ve A°NB}|. (48)

Then pr > 0. In particular, P(,c g{lim; o0 0w (t) = +1}) > 0.

Proof. Let us consider B as in the statement of the theorem. Since oo > 0 and E(B) is finite, then with
positive probability one has that J. = +1 for any e € E(B). In fact, the independence of the interaction
leads to P(.cppy{Je = +1}) = ol FB) > 0. Analogously, it is P(),cp{ow(0) = +1}) = 41Z > 0.
Notice that {{u,v} € E : v € ANB,v € A°N B}, {{u,v} € E : v € Ajv € A°N B} and
{{u,v} € E:ue AN B v e A°N B} is a partition of {{u,v} € E:u € A,v e A%}
Hence, inequality (48) and conditions o, = +1 for each v € B and J, = +1 for each e € E(B) imply
that for each A € Ay such that AN B # () one has

AsH7(o) =2 Z J{u’v}0u0v22|{{u,ﬂ)}EE:UEA0B7’U€ACﬂB}|
{u,v}eFE:ucAveA°

=2[[{{u,v} € E:ue Ajve A°NB} + |[{{u,v} EE:ue ANB°ve A°NB}] >2.

By formula (16) in Lemma 1, there is a positive probability that all the spins maintain the initial

value +1 in the region B. By ergodicity, we obtain pz > 0. ]

Remark 4. Let us consider the case k = 1 (see [23]). The hypothesis of Theorem 5 can be rephrased by

stating that there exists v € V' such that d,, is odd. Furthermore, condition in Theorem 6 becomes
H{{u,v} e E:uec ANB,ve AN B} > {{u,v} € E:ue Ave A°N B°Y}|.

Example 2. Let us consider k =1 and the hexagonal planar lattice. In this situation pr = 1, for any
a,v € [0,1] and T fast decreasing to zero (see Theorem 5 and Remark 4). However, for k > 2, it is
easy to check that the hypothesis of Theorem &5 is not verified for such a graph. In this case, Theorem 4
guarantees that pr < 1 when a =1 and v =1/2.

We present here a 2-graph on which Theorem 5 can be applied when k = 2 (see Figure 3). All the

intersections among line segments represent sites of the graph. The site denoted with the black bullet
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FIGURE 3. Example of a 2-graph on which Theorem 5 can be applied when k = 2.

is v. Each connected set A > v of cardinality 2 is such that [T a| = 5. The case A = {v} is such that
Tal =3.

For what concerns Theorem 6, we address the reader to Figure 1. In this case we consider k = 1.
Take B as the set of the black bullets. A is a set containing only a vertex of B. It is clear that Theorem

6 can be applied.
In the following results we adapt the definition of e-absent set in [2, 14].

Definition 4. Let us consider a d-graph G = (V, E), interactions J € {—1,+1}F. Take the (k,(T), (o); T)-
model on G, with generic initial configuration o € {—1,+1}V, and a finite C C V. We say that

6c = (64 :x € C) is k-absent on J if there exists a sequence of m elements
(AD e A, - AV c C, forj=1,...,m),

such that A omyHz (o™ V) < 0, while A iyHy (V™) =0, for any j = 1,...,m — 1, where o(©)

coincides with 6¢ on C. Recursively, c() = (a(j_l))(A(j)), forj=1,...,m—1.

Remark 5. (i) For any given J, if 6¢ is k-absent on T, then it is also k'-absent on J, for each
k' >k, being A, C Ap.
(i3) Let us consider a finite set C C V. We notice that 6¢ is k-absent on J only on the basis of the
restriction of J to the finite set of edges E(C) = {{z,y} € E: {x,y} N C # 0}.
(iii) Let us consider 6¢ k-absent on J and a configuration & € {—1,+1}V.
If G¢ is such that there exists a finite sequence of m flips AU C C, AY) e A, with
A inH7 (VD) < 0, where 7@ coincides with 5¢ on C, V) = (5(3'*1))(‘4('7)), for each

j=1,...,m, and 5(Cm) = 6¢, then 6¢ is k-absent on J as well.
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Theorem 7. Let us consider a (k,a,~;T)-model on a d-graph G = (V,E) with k € N, « € (0,1),
v € [0,1] and temperature profile T fast decreasing to zero. Moreover, let us take a finite subset C C V,
interactions J = (J. : e € E) € {=1,+1}F and a configuration 6¢ = (6, : v € C) € {=1,+1}° k-absent
on j Then the set

Ac)={oe{-1,+1}" : 0, =6,, Vv EC} (49)

recurs with null probability by using the probability measure

P()=P(| () {J=J}), (50)

ecE(C)

where E(C) = {{z,y} € E: {z,y} N C # 0}.

Proof. We consider the Harris’ graphical model and denote it by Z = (Z; : t > 0). By hypothesis, J of
the model coincides with J over the set E(C).
By contradiction, assume that A(6¢) defined in (49) recurs with positive probability.

Define the random set

kK= U Tan,
AEA: ANC#D

Therefore K is a function of the process Z. Define the set
B:aﬁ%:temﬂb:K:{hwujm}wﬁh0<t1<~o<tm<1am1

0 0 +
t) € SA(I)’17'~'7tm71 € SA(m—l)’latm € SA('rn}’l}’

where m and the AU)’s are given as in Definition 4.

We notice that we are under the conditions of Lemma 2. In fact,

e : e
ZJ&ﬁgPH%HsemJHGH& z) 2 ¢ >0,

because the probability that the U’s are smaller than 1/2 and that the only finite sequence of arrivals in
[0,1] of the Poisson processes P4, with A € A, and ANC # 0, is ordered as in K, is larger than zero
(see the proof of Theorem 3 for a similar argument).

Since A(6¢) recurs with positive probability, then Lemma 2 gives that B recurs with positive proba-
bility. In particular, one also has that P(|Sz(m)7oo| = 00) > 0 but P(neEE‘(C){Je = J.}) > 0. Therefore

]P(|Sj(m) | =00) >0, and this contradicts Lemma 5. O

Remark 6. We can extend Theorem 7 also to a = 0 (resp. a = 1) by selecting J=-1 (resp. J= +1).
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Theorem 8. Let us consider a (k,a,~;T)-model on a d-graph G = (V,E) with k € N, « € (0,1),
v € [0,1] and temperature profile T fast decreasing to zero. If there exist interactions J € {—1,+1}7,
a finite set C C V and u,v € C with vg(u,v) > k such that any oc € {—1,+1}° with o, = 7, (resp.

oy = —0y) is k-absent on J. Then

P ( lim o, (t) = — lim crv(t)> =1, (resp. P (tlirgo ou(t) = tlirglo ov(t)> =1),

t—o0 t—o0

where P is the conditioned probability as in (50), and pF > 0.

Proof. We only prove the case when any o¢ € {—1,+1}¢, with o, = 0,, is k-absent on J. The other
case is analogous.

The interactions 7 coincide with J on E(C) with positive probability, since o € (0,1) and the set
E(C) is finite.

Let us suppose that J coincides with J on E(C) The vertices u and v, as defined in the theorem,
flip simultaneously with probability zero because vg(u,v) > k. In fact, for any A € Ay, the set {u,v}
is not a subset of A. By Theorem 7, we know that the set A(u,v) = {0 € {—1,+1}V : 0, = 0, } recurs
with zero probability. Therefore there exists lim;_, o, 0y, (t), lim; oo 04, (t) P-a.s., and they have opposite
sign P-a.s..

So, if we remove the conditioning assumption that J coincides with J on E(C), we have that the

spins on the vertices u, v fixate with positive probability.

By ergodicity we obtain that ps > 0. (]

We present an example in which Theorem 8 can be applied.

Example 3. We consider k < 3 and a 1-graph G = (V, E), as in Figure 4, whose cell has vertices (the

cell will be scaled by % and translated by —%) given by
VCell = {1a 2a 3a 45 5}

and edges

ECell = {{_17 1}7 {07 1}7 {172}7 {173}7 {274}7 {3»5}’ {476}7 {576}}'
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FIGURE 4. These sites constitute a region of a graph G = (V, E) with V' = L,. The interactions
J are represented in the Figure. In particular, continuous line stands for an edge e such that
Je = +1, while the dotted line describes J. = —1. The black bullets and squares are spins
fixating definitively at a constant configuration (+1 or —1) and, in general, bullets can be
different from squares. When bullets and squares share the same constant configuration, then
sites 2 and 4 flip infinitely often, i.e. it does not exist lim;—. o (t), with j = 2, 4. Differently,
when bullets and squares have opposite signs, then it does not exist lim;—.o 0;(t), with j = 3, 5.

All the configurations o¢ having o = —o11 are 1-absent on J.

We consider as C of Definition 4 the vertices {1,2,...,11}. The interactions J, when restricted to

the elements of C, are taken all positive with the exception of Ji 4y = —1. We show that

A={oe{-1,+1}V 106 = —011}

recurs with null probability. In particular, all the configurations oc € {—1,4+1}¢ having o6 = —0o11 are
1-absent on J.

Since vg(6,11) = 3, then Theorem 8 gives that pr > 0. By symmetry of the dynamics with respect
to global flips, i.e. 0 — —o, we can take o = +1 and 011 = —1. In principle one should check 2°
configurations oc to be 1-absent on J.

By item (iii) of Remark 5, there exists a finite sequence of flips in favour of or indifferent to the

Hamiltonian leading to o7 = o5 = —1. We assume that o7 = o5 = —1 for showing the 1-absence on J
for all the configurations oc having o6 = +1 and 017 = —1.
We now distinguish the cases of o1 = +1 and o1 = —1.

Consider o1 = +1.

o4 = —1 then, by flipping the site 6, we obtain Ay H (o) < —4. us the configurations
1) If 1 th by flipping the site 6 b‘A{}H 4. Thus the 27 confi

oc € {—1,+1}C with 04 = 011 = —1 and 01 = 06 = +1 are 1-absent on the considered J .
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(2) If 04 = +1 and o2 = +1 then, by flipping the site 4, we have Ay Hy (o) = 0. By flipping the
site 6, we obtain Ay Hy (o) < —4. The 26 configurations oc € {—1,+1} with o1, = —1 and
01 =09 =04 = 0g = +1 are 1-absent on the considered T .
(3) If o4 = +1 and 0o = —1 then, by flipping the site 2, we have AgzyH (o) =0 and we are in case
(2). The 25 configurations oc € {—1,+1}¢ with 09 = 011 = —1 and 01 = 04 = 05 = +1 are

1-absent on the considered J .

The case o1 = —1 1is analogous to the previous one by replacing site 2 with 3 and site 4 with 5.
Therefore limy_, o 06(t) = limy—oo 011(t) and this also implies that lim; . 0;(t) = limy_,o, o6(t), for
1=17,8,9,10,11.

We notice that all the interactions on E(C’) are positive with the exception of Jz 4y = —1 with positive
probability. In this case we can apply the arguments above and have that lim;_ o 0;(t) = lim;_, o, o1 (t),
fori=-4,-3,-2,—1,0.

If limy_ oo 01(t) = limy_o, o6(t) then the sites 2 and 4 flip infinitely many times. Differently if
limy o0 01(t) = — limy—, o, 06(t) then the sites 3 and 5 flip infinitely many times.

This framework can be though as an illustrative example also of Theorem 3. In fact, the set R can
be taken as coinciding with {—4,-3,—-2,-1,0,1,6,7,8,9,10,11}, S is the set of the edges represented
in Figure 4, at least one among the four combinations of black bullets £1 and black squares £1 fizates
with positive probability and, accordingly, D is given by {2,4} (bullets and squares with the same sign)

or {3,5} (otherwise).

Two important remarks are in order: first, the model described in this example is of type M; second,

this model can be extended to d-dimensional graphs (see Figure 5).

FIGURE 5. Representation of I's 3(LL2).
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Remark 7. In [23] the Ising stochastic model at zero temperature on Z? is studied. Their model can be
rewritten in our language as (1,1,7;T)-model on the 2-graph Lo = (Z%,Ey) with v = 1/2 and T = 0.
The authors show that the model is of type Z. With a coupling argument one can prove that also for
J = -1, i.e. a =0, the system is of type T (see [14]). In fact, consider two systems on the d-graph
Lg = (Z4Eq), v =1/2 and J = +1 for one of the systems and J=-1 for the other one. We say that
a verter v = (vy,...,v4) € Z% is even (resp. odd) if | Z;j:l v;| is even (resp. odd). We take a initial

configuration o for the system with J and initial configuration & for the system with J as follows

oy if v is even;

—0, if v is odd.

Therefore, also the random vector (&, : v € Z9) is a collection of i.i.d. Bernoulli random variables with
~v = 1/2. Taking the same Poisson processes and the same random variables U’s for both the systems at
any time t, one obtains
} ou(t) ifv is even;
Gy (t) =
—o,(t)  if v is odd.

Therefore the two systems are of the same type (Z, F or M). The same construction works for any

bipartite graph.

Example 3 suggests a general result on a particular class of graphs. We firstly define such a class,
and then present a simple and meaningful theorem. The proof of such a result can be viewed as a

generalization of the arguments carried out in Example 3.

Definition 5. For ¢ > 2 and m > 1, let us consider a d-graph G = (V, E), with d € N. We denote
by T m(G) = (Vir, Er) the d-graph such that each edge of G is replaced with m identical cycles whose

number of vertices is 20 with the following property:

(1) two adjacent cycles have only one vertex in common. We denote such vertices as common

vertices, and collect them in the set Vj.
(47) ming ey, VL, (@) (u,v) = L.

The vertices V. C Vp will be called original vertices.

Notice that V' C V. In Figure 5 we have the representation of I's 3(Ls).
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Theorem 9. Let G = (V,E) be a d-graph, with d € N. Consider a (k,a,v;T)-model on Ty, (G) with
a € (0,1), v € [0,1] and temperature profile T fast decreasing to zero. If £ > kA2 and m > 3, the model

is of type M.

Proof. We briefly denote vr,  (a) by v. Consider two original vertices u,v € V' such that v(u,v) = ¢m.
The finite subgraph composed by the m cycles between u and v will be denoted by I = (V"*, ER"").
The cycles composing I are subgraphs as well. They will be denoted by Y1 = (V4, Ey),..., Y, =
(Vin, Em), so that if one takes h,¢ = 1,...,m such that h < ¢, then for each z € V}, and y € V; it results
v(z,u) < v(y,u). We consider the first three cycles Y7, Y2 and Y3 and we label the vertices of these
cycles in the following way: v1 = u, vo € V1 N V5, vg € Vo N V3 and vy is different from vz and belong to
Vr N V3. The other vertices are denoted by v45,5, with a =1,2,3,b=1,2, s =1,...,¢ — 1. Specifically,
the index a means that v, s belongs to V;; the index b identifies one of the two paths of length ¢
connecting the common vertices of the cycle Y,; the index s is such that v(vqp,s, u) < v(Vgp,s+1, 1), for
eachs=1,...,0—1.

Let us consider the following condition

(H1) J{vs,vs11) = —1; Je = +1, for each e € (E1 U B U E3) \ {va,v211}-
With positive probability, there exist interactions 7 that satisfies the previous condition (H1). Define
C=VUVs.

We prove that the configurations belonging to
{(op € {~1,4+1}:0v € Q) : 0y, # 04y} C {—1,+1}¢ (51)

are l-absent on the interactions J that satisfy condition (H1). Without loss of generality in (51) one

can take o,, = +1 and o,, = —1. Now we consider two cases
(1) Oy, = Oyy = +1 and Opy = —1;
(ii) o, = +1 and 0, = 0y, = —1.

In case (i) let us consider the following elements
{'Ul,l,i}7 for i = 1,...,4—1;
gL {Ul,Q,i—l+l}7 for 4 :&"'72672;

{’Ug,gﬁnggfi}7 for i = 2¢ — 1, ey 30— 3;

{v2}, for ¢ = 3¢ — 2.
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For a given o¢ = (0, : v € O) satisfying item (i) we eliminate from the sequence (A® : i =1,...,30—2)
the elements of the form {v} with o, = +1 to obtain the new sequence (A® :4i =1,...,m) (thus m <
3(—2). Using these elements and notation in Definition 4, one can check that all the A 4y H7(c@~1) < 0
fori=1,...,m—1, and A oy H7 (o™ 1) < 0. Notice that m > 1, and A™ = {v,}. Therefore, by
using item (iii) of Remark 5, one has that all the configurations in which item (i) holds true are 1-absent
on J.

In case (ii), we define

{vi1.}, fori=1,...,0—1;
i , fori=4(...,20—2;
0 {v1,2,i—e1} or i

{1)2,1’3[,271‘}7 for i = 20 — 1, ey 30 — 3,

{va}, for i =3¢—2.
For o¢ = (0, : v € C) which satisfies item (ii) we eliminate from the sequence (A® :i =1,...,3( — 2)
the elements of the form {v; s} with oy, , = +1 and {v21,s} with o0,,,, = —1. In so doing, we
have the new sequence (A(i) :i=1,...,m). By following the argument developed in case (i), all the

configurations in which item (ii) is satisfied are 1-absent on J.

Since v(v1,v2) = £ > k, then Theorem 8 guarantees that, for large ¢, o, (t) and o, (t) fixate and are
equal. Therefore, px > 0.

With an analogous argument one can prove the same result for vg and vy, i.e. there exist the limits
limy 00 04, (1) and limy_, o, 0, (t), and they coincide.

As in Theorem 3 we take R = {vq,v3}. In fact, condition (36) is verified, i.e.: with positive probability,
at least one of the following four alternatives is verified: lim; o 0y, (t) = £1 and lim;_, o0 04, () = £1.
We analyze separately the four cases.

If limy oo 00, (t) = +1 and limy_, o 04, (t) = +1 with positive probability, then we select R’ = {va 1 4 :

s=1,...,0—1}. Let us consider

51 =sup{sc{l,....0 —1}:0,,, = —1},

with sup@ = 1. We define D = {v2 15, }. Notice that oy, , . ,, = +1, with the conventional agreement
that v 1 ¢ = vs. Then, condition (ii) of Theorem 3 is satisfied and the model is of type M.

An analogous argument applies to the case of lim;_, oo 04, (t) = limy o0 04y () = —1.
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If limy o0 00, (t) = +1 and limy_. o 0y, (t) = —1 with positive probability, then R = {vg25 : s =
1,...,£—1}. In this case

sy =sup{s € {l,...,0 —1}:0y,,, = +1},

with sup() = 1. By taking D = {vz25,} and noticing that oy, , . ,, = —1, with va 2, = v3, we obtain
condition (ii) of Theorem 3 and the model is of type M.
In a similar way we can treat the case of lim; o 04, (t) = —1 and lim;_,o 0y, (t) = +1.

O

We recall the definition of cluster that will be used in the next Theorem. Let us consider a d-graph
G = (V, E) and a stochastic Ising model o(-) = (04, (¢) : w € V,t > 0). The cluster C,(t) of the site v at

time t is the maximal connected component of the set {u € V' : 0,(t) = 0,(¢t)} which contains v.

Theorem 10. Let us consider a (1,,1/2;T)-model on T (Le), with o € {0,1}, £ > 2, m > 1 and

temperature profile T fast decreasing to zero. Then the (1,«,1/2;T)-model is of type T.

Proof. First of all, we notice that I'y,,(ILs) is a bipartite graph. Then, by Remark 7, it is sufficient to
prove the result for a = 1.

The origin O of the graph is placed in (0,0) € Z2. Also in this case, for the sake of simplicity, we will
write v instead of vr,  (L,)-

We first show that if

p = P(There exists tlim oo(t) = +1) = P(There exists ltlim oo(t)=-1)=0

— 00

then the model is of type Z. By translation invariance of the graph, each vertex belonging to Z? reaches
the fixation with null probability.
For a vertex x ¢ Z? let us take the two vertices u,v € Z? having Euclidean distance equal to one and

such that v(z,u),v(x,v) < v(u,v). The fact that p = 0 means that the event
A={o e {—1,—!—1}‘/F DOy F Oy

recurs with probability one.

Now, define the sets

Bt ={(o(s):s5€[0,1]) : 3t € [0, 1] such that o,(t) = +1}
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and

B™ ={(o(s) : s € [0,1]) : 3t € [0, 1] such that o,(t) = —1}

One can check that

of : + _
;Qﬂiggp(("(t +5):s€10,1]) € BT|o(t) =0) >0,

the same for B~. In fact, the definition of u,v and z, along with the opposite signs of ¢, and o,, allow
to have the propagation of the sign of u or v over the vertex x with positive probability. Since A recurs
with probability one, by Lemma 2, we get that also BT and B~ recur with probability one. This means
that the model is of type Z.

Now the proof proceeds by contradiction. Suppose that

p=P (There exists lim oo(t) = +1) P (There exists lim 0o (t) = 71) > 0. (52)

t—o0

The second equality in (52) follows by v = 1/2. Then, by the ergodic theorem, one should have that
pr > 0.

By the ergodic theorem, for any € > 0 there exists an L € N such that

P(limsup [{v € [-L,L]* : 0,(t) = —1}| = 0) < e. (53)

t—o0

The previous inequality means that the event
Ap ={o, =+1, Vv e [-L,L)*}

recurs with probability smaller than e.

Now we notice that all the finite clusters are 1-absent on J = +1. In fact, given a cluster C,(t), there
exists a sequence of flips, which are indifferent for or in favour of the Hamiltonian, such that all the spins
associated to the vertices of C,(¢t) change their sign (see Theorem 7). This means that, for v € Vr and
M e N,

lim P(C,(8)] > M) = 1.

Therefore,

Jlim P(Co(t) N O-L,L)* #0) =1.

Let us define the four events associated to the four sides of 9[—L, L]?

Ey(t) = {oo(t) = +1 and Co(t) N ([=L, L] x {L}) # 0},
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Ey(t) = {oo(t) = +1 and Co(t) N ([-L, L] x {-L}) # 0},
E3(t) = {oo(t) = +1 and Co(t) N ({L} x [~ L, L]) # 0},
and
Ey(t) = {oo(t) = +1 and Co(t) N ({~L} x [-L, L]) # 0}.

By symmetry of the graph, the events Fy(t), Fa(t), E5(t), E4(t) have the same probability. Therefore,

using also that v = 1/2; one obtain

liminf(F;(t)) >

t—oo

. Vi=1,2,34.

ool =

We notice that F;(t) is an increasing event, for each i = 1,2, 3,4.

Let us define

By the fact that the events F;’s are increasing and k = 1 one can use the FKG inequality to bound

the probability of E(t) (see e.g. [18]). Therefore

4
i P(E(E) > Hyninf (PEw(0) E(B(0)P(Es(0)P(Eo(0) > ()

t—oo

Consider the sequence of events (FE(n) : n € N); by Fatou’s Lemma,

4
P(limsup E(n)) > limsup P(E(n)) > (;) .

n—oo n—oo

In the frame of Lemma 2 this means that the event
Ay, = {0 is connected to the four sides of [~L, L)* with +1 spins}

recurs with a positive probability larger or equal to (%)4.

Let us define the event
Br ={3s€[0,1] : 0u(s) = +1, Yu € [-L, L]*}.

One has

inf inf P((o(t+s):s€]0,1]) € Brlo(t) =0) > 0.
oc€AL t>0

In fact, if the set of vertices with negative spins is not empty, then there exists at least one vertex that
can change its spin from —1 to 4+1 with a flip that is indifferent for or in favour of the Hamiltonian.

Then, recursively, all the spins of the vertices belonging to [—L, L]? can become positive at a same time.
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By Lemma 2, one obtains that By, recurs with probability larger or equal than (%)4. Therefore, for each
L € N, the probability that there are not vertices belonging to [—L, L]?> whose spins fixate to —1 is at

least (%)4. This last assertion contradicts formula (53) when e < (5)4. 0

5. CONCLUSIONS

In this paper we have presented a generalization of the Glauber dynamics of the Ising model. The
temperature is assumed to be time-dependent and fast decreasing to zero, hence including the case of
T = 0. Moreover, it is allowed that spins flip simultaneously when belonging to some connected regions.
The dynamics is taken over general periodic graphs embedded in R?. The obtained results can be
compared with the standard case of zero-temperature, cubic lattice and k = 1.

For the cubic lattice Lo the paper [23] says that for a =1 or « = 0 and v = % the model is of type
Z. On the same graph, [14] proves that the model is of type M when a € (0,1) and v = % (actually,
their arguments hold true for v € (0,1) as well). In [13, 22] it is shown that, for Lg with d > 2, the
model is of type F when o = 1 and + sufficiently close to one (or, by symmetry, sufficiently close to
zero). In particular, it is known that the limit configuration is given by spins whose values are +1 (or,
by symmetry, —1). For a better visualization of the results, see Figure 6 (left panel).

For what concerns the graphs I'; ,,,(G) of Definition 5, see Figure 6 (central panel). In this case, when
> kA2 and m > 3, we have shown that the (k, o, v; T)-model is of type M for « € (0,1) and v € [0, 1].
The particular case of I'y ,,, (L) gives that the (1,a,1/2;T)-model is of type Z for a =0, 1.

When T is fast decreasing to zero and positive, and by considering Ly with d > 2, then it is possible
to exclude that the (k, «,v; T)-model is of type F (see Theorem 2) and refer to Figure 6 (right panel).

We feel that Figure 6 might also contribute to highlight some problems left open by this paper.

To conclude, we think that our results may represent a first move towards the following three conjec-

tures.

(i) If a,y € (0,1) and T is fast decreasing to zero, then the type of the (k, «,~;T)-model over a
d-graph G = (V| E) is identified by the value of k£ € N and by the graph G.

(#) Fix a,v € [0,1], a temperature profile fast decreasing to zero T and a d-graph G. Set F, M and
7 to 1,2,3, respectively. Define the function & 4, 7,¢ : N — {1,2,3} assigning to any k£ € N the

type of the (k, o, v;T)-model over G. The function &, 7 ¢ is nondecreasing.



46

ROY CERQUETI AND EMILIO DE SANTIS
(43¢) Let G = Lg, for d > 2. Consider a (k, 1,v;T)-model on I'y ,,,(G). Then there exists ¢ € (0,1/2)
and a temperature profile T* fast decreasing to zero such that: for each v € [0,¢e) U (e, 1] and for

each temperature profile T’ such that T'(t) < T*(¢), for each ¢ > 0, then the (k, 1,7; T)-model is

of type F.
B B " 8 Mot
or
1 ; 1 ; 1
7 (1:2) 7 70(d2) M e3(d=2) Mol
F F
0 ! a 0 M 1 a ¥ Moz a

FIGURE 6. Graphical visualization of the conclusions. The panel on the left describes the
main results in the literature for the stochastic Ising models at zero-temperature on the graph
Lg. Notice that the case of ¥ = 1/2 holds only for d = 2. The central panel represents our

results for the graphs I'y ., (Lg). The panel on the right depicts Theorem 2.
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