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Abstract
This paper aims at verifying whenever the Benford’s Law is valid in the context of global stock markets, which are here viewed as complex systems. In so doing, we pursue the scope of assessing the presence of data regularities and interpret obtained discrepancies.
Specifically, we check the reliability of Benford’s Law for all the indexes listed on the stock exchanges of several countries, with a particular reference to prices and volumes of stocks.
To pursue our scope, we adopt comparison criteria grounded on statistical theory, like the Chi-squared test for both the distributions of the first and the second meaningful digits.
Evidence of violations is provided and some insights taken from the historical facts and economic shocks are carried out.
Keywords: Data science; Benford law; Stock markets; Finance.

1. Introduction

The evolution of prices and volumes in the international stock markets has a remarkable informative content. In fact, financial markets and their components are highly correlated with the surrounding socio-political environment and a shock of noneconomic nature might have an effect on the economic system. 
This paper moves from this scientific ground. We aim at analyzing the context of global stock markets with a specific focus on all the indexes composing them. In particular, we deal with the nature of complex system of the markets, and discuss whenever the available time series associated to prices and volumes of the stocks exhibit a sort of “regularity”.
Indeed, datasets exhibit often deviations from a pure uniform law, even if they are not constructed in an “ad-hoc” manner. Think about countries’ GDPs, with a great percentage of low levels and a few data with high values. 
In this respect, the so-called Benford’s Law (BL), firstly empirically observed by Newcomb (1881) and lately formalized by Benford (1938), has been proved to hold in a wide set of contexts.
BL is an evident regularity of the distribution of the digits of a number of large datasets. It states that the frequency of the first and second digits of the values of a set of data decreases with the value of the digit, and achieves its maximum when the digit is “one”.  
More in details, Benford (1938) provided an extensive study of 20,149 data from 20 different areas, and calculated the frequency of each first digit from 1 to 9 and of each second digit from 0 to 9.
The outcome of this effort has led to the statement of an exact rule given by a logarithmic relationship.
For the first digit, BL says that:
	 				(1)
where  is the probability that a number has the first digit equals to , with .
As for the probability of the second digit, BL can be written as follows:
.				(2)
where .
The theoretical frequencies are shown in Table 1.
Table 1. Relative frequencies of the first and second significant digit


	1st digit
	
	1
	2
	3
	4
	5
	6
	7
	8
	9

	Frequency
	
	0.301
	0.176
	0.125
	0.097
	0.079
	0.067
	0.058
	0.051
	0.044

	2nd digit
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9

	Frequency
	0.119
	0.114
	0.109
	0.104
	0.100
	0.097
	0.093
	0.090
	0.088
	0.085


Generalizations of formulas (1) and (2) have been also provided, leading to the distributions of the digits subsequent to the second and obtaining frequencies more equally distributed. From the fifth digit the distribution no longer follows the BL but becomes a uniform distribution.
Not all dataset are eligible to be controlled for agreement with the BL. In particular, data must be not chosen under an “ad hoc” criterion and the cardinality of the dataset must be large. Such requirements are fulfilled in our specific context.
We check the validity of the BL for extensive daily series of prices and volumes of 4166 stocks, listed in the main international financial markets. Several clusterings of such series are performed at the level of the related geographic areas (Italy, Europe, USA, Asia and Pacific area and a generic “other relevant markets”) and of the individual stock markets.  
The beginning of the reference period varies with the stock, on the basis of the free availability of the data on the yahoo.com/finance website. The ending date is for all November 14th, 2014.
Both first and second digits distributions are explored.
The analysis is performed by the application of a Chi-squared procedure, to check whenever the empirical data obeys with the theoretical frequencies of BL.
The analysis reveals the presence of deviations of the data digits from the statements of the BL. In accord to the literature (see the next Section), they might be caused by shocks of different nature which are able to influence the dynamics of the international stock markets components. A discussion of such deviations and also of the regularities is provided, along with a related socio-economic-political contextualization.
The rest of the paper is organized as follows: next Section contains a critical review of the main contributions of the literature. Section 3 is devoted to a detailed description of the data used and of the methodological instruments employed to perform the analysis. Section 4 outlines and comments the obtained results, and proposes a reading of the deviations from the statements of the BL through the occurred events. Last Section offers some conclusive remarks and gives some suggestions for future research lines.


2. Relevant literature

Here are briefly described the cases in which this law has been applied with success over the years.
In the context of social science, Cho and Gaines (2007) took care of fraud in funding for charity campaigns. See also Mir (2012, 2014) and Ausloos et al (2012, 2015), who tested the consistency of social data and assessed  the presence of some sort of manipulation.
In the political environment Mebane (2011) used the law for verify the trustworthiness of the election results. In this respect, the law was also used by the Iranian minister Boudewijn F. Roukema to ensure the accuracy of the electoral results in the presidential election of 2009, as a consequence of the complaint about electoral fraud made by Moussavi (opposition leader) against the election of President Ahmadinejad. City after city, the minister analysed the relative frequencies of the first significant digit of the number of votes and compared the frequencies obtained with the theoretical frequencies of BL. As a result Roukema remarked that while all the frequencies of the other digits were very similar to those theoretical, the number 7 appeared too many times, hence supporting the truthfulness of the charges of Moussavi. Decided to settle the matter, the minister remarked that the anomaly concerned three out of the six larger areas of Iran. In these areas the winner Ahmadinejad had won a share of the vote much higher than in other areas.
Also Varian (1972) suggested the possibility of using BL to identify any falsification in the collection of data used to support political decisions. The author proposed to compare the relative frequency of the first digit of the numbers used to the support political decisions with the theoretical frequencies of BL, so as to highlight any abnormal results. He applied the law in a set of land planning for 777 tracts in San Francisco Bay. The law was respected.
Nigrini (1996, 1999, 2012) was able to show the benefits of the possible application of BL to detect the falsification and the frauds in accounting and activity auditing (which of course may not be intentional, such as arithmetic errors and, more generally, errors in calculation or misapplication of the applicable accounting standards; or it could be outright intentional frauds, such as the alteration of records or documents, the lack of enforcement of accounting standards, the omission of some results or finally recording non existent transactions). This system is now used in the majority of American States to support the identification of tax fraud.
In the economic field BL can also be applied to check the efficiency of financial indexes, and in general financial quantities. Ley (1996) calculated if the distribution of the relative frequencies of the first significant digit of daily returns of two American stock indexes (ie the S & P for the period from 1926 to 1993 and the Dow Jones for the period from 1900 to 1993), using the BL: the result obtained that both stock indexes respected this law and it was a demonstration of the current index efficiency.
Realdon (2008) and Ausloos et al. (2016) dealt with the assessment of the validity of the BL on the sovereign credit default swap markets. Carrera (2015) analysed exchange rates to check whether there exists the possibility of manipulation for policy management. In support of macroeconomic data, Nye and Moul (2007) studied the GDP data of the Penn World Tables. Günnel and Tödter (2009) applied the BL on the forecast of GDP growth and inflation of German consumer prices. Ranch (2011) examined the abnormal data of national and financial accounts of the EU countries from 1999 to 2009. Holz (2014) evaluated the quality of the Chinese GDP advancing suspicions on the statistics published by the National Bureau of Statistics of China. Michalski and Stoltz (2013) examined the balance of payments data for 103 countries between 1989 and 2007. Mir (2016) studied the illicit financial outflows from developing countries. Finally, Mir et al. (2014) and Ausloos et al. (2017) have instead applied the BL to the aggregate of income taxes of municipalities and Italian regions for the period between 2007 and 2011.
In this work we have tried to interpret the efficacy and functionality of financial markets worldwide.  We checked the reliability of BL for all stock indexes listed on the stock exchanges of the various countries but not to apply it on daily returns but on prices and average volumes of stocks comprising indexes. 
We are in the line traced by other scholars dealing with the assessment of BL in financial markets (see e.g. De Ceuster et al., 1998; Corazza et al., 2010 and Karavardar, 2014). However, this is the first paper dealing with a so global context, with all the international stock markets and both the key stock variables (volumes and prices).
 It will be interesting to see how this application of BL analyses and comments consistent results; in fact, the cases in which the Law will be verified are various, and we provide a brief discussion on the technical and historical reasons leading to the failure of this law.

3. Data analysis and methodology
3.1 Data
All processed data are freely available on the web (see e.g. https://finance.yahoo.com). The dataset is of scientific reliability, as also witnessed by authoritative financial studies who had referred to such a dataset for collecting empirical data (see e.g. Antweiler and Frank, 2004; Juergens and Lindsey, 2009). 
We use all the indexes listed on the stock exchanges of the various countries whose time series are available, with a particular reference to daily adjusted closing price and volume of stocks that compose the financial indexes.
The period under investigation is the available one, and depends on the individual stocks. Indeed, after a careful analysis, we have noticed that listing days of an asset in a Stock Exchange are different. Thus, the starting points of the time series vary. Some stocks have data available from 1962 (e.g. The Walt Disney Company, The Coca-Cola Company, both listed in the 65 Composite US Index) while other ones have only recent data, from 2014 (e.g. Cerved Information Solutions SPA, listed in the FTSE Italia MIDCAP and Emas Offshore Regs, listed in the OSE All Share of the Norwegian Stock Exchange). The period under investigation ends for all the stocks in November 14th, 2014.
The outcome of the data collection procedure is thousands of time series which reflect the recent overall activity of the stock markets.
The database have been divided into five macro areas: the Italy, the Europe, the Usa, the Asia and the Pacific Area and finally the area called “Other relevant markets” composed by indexes not included in the previous groups but still relevant.
For meeting the requirement of the Benford Law –which represents the object of our analysis- we have restricted the analysis to the individual indexes with more than 100 components. A further assessment of the validity of the BL has been implemented also on the overall sample collecting all the indexes, in order to give an interpretation of the global equity markets. Data of a few components are not available, and they are not included in the analysis.  
The macro areas with relative stocks available have been grouped as follows: Italy (476 stocks available), Europe (451 stocks available), Usa (2759 stocks available); Asia and Pacific area (364 stocks available), other relevant markets (116 stocks available).
We now enter the details on the considered dataset. 
For Italy, we have a number of relative indices. Specifically, we have FTSE ITALIA MICRO CAP (3 components); FTSE ITALIA SMALL CAP (126 components); FTSE ITALIA MID CAP (60 components including 2 not available); FTSE ITALIA STAR (69 components); FTSE MIB (40 components including 1 not available); FTSE ITALIA ALL SHARE (183 components including 2 not available).
For Europe, the considered indices are BEL-20 (20 components, but only 3 available); OMX COPENHAGEN (2 components); CAC 4O (40 components including 1 not available); DAX (30 components); OSE ALL SHARE (163 components including 6 not available); STOCKHOLM GENERAL (23 components including 1 not available); SWISS MARKET (20 components including 6 not available); FTSE 100 (94 components including 1 not available); EUROSTOXX 50 (49 components including 6 not available); TECDAX (30 components). For what concerns the OSE ALL SHARE, an additional explanation is needed. Indeed, there are two components of such an index which have never been traded, so their average volume is zero. Such stocks are then removed in the analysis of the first significant digit of the volume, where the total amount of considered stocks is then 155 instead of 157.
For Usa, the considered indexes are DOW JONES COMPOSITE AVARAGE (65 components); DOW JONES INDUSTRIAL AVARAGE (30 components); DOW JONES TRANSPORTATION AVARAGE (20 components); DOW JONES UTILITY AVARAGE (15 components); NASDAQ COMPOSITE (2558 components including 36 not available); NASDAQ 100 (107 components). 
For Asia and Pacific area we have the following indices: JAKARTA COMPOSITE (299 components including 63 not available); NXZ 50 GROSS INDEX (50 components including 1 not available); STRAITS TIMES INDEX (30 components including 1 not available); HANG SENG INDEX (50 components). 
Lastly, we have also included in the analysis an area called “other relevant markets”, on the basis of the association of the indices to countries not belonging to the classes defined above.  In particular, we have MERVAL BUENOSAIRES (13 components); BOVESPA (70 components including 1 not available); IPC (35 components including 1 not available).
Overall, the studied stocks are 4166, so that the considered time series (prices and volumes) are 8332.

3.2 Methodology
The analysis of all the components of each index has been made. The possible not compliance with BL has been contextualized in the socio-economic environment, to gain insights on the roots of violation on the basis of the main events occurred in the considered period.
First of all, we have computed the mean values over time of prices and volumes for all the stocks. BL has been verified both on the distribution of the first and of the second significant digits over the samples of mean prices and mean volumes.
To clarify the term significant, a brief example is provided: the first digit of 4.1562 is 4 and the second digit is 1; the first digit of 315 is 3 and the second digit is 1; the first significant digit of 0.0154 is 1 and the second digit is 5.
The empirical frequencies of the digits have been compared with the theoretical distribution given by the BL. To pursue our scope, we have adopted a comparison criterion grounded on statistical theory which is one of the most used in the literature for testing the BL: the Pearson’s  test. Such a test is of parametric type and serves for checking if the empirical frequencies are statistically different from theoretical frequencies of the BL.
In our framework, this test can be written as

 					(3) 

where:
·  is the frequency actually detected for character ;
·  is the theoretical frequency of character , according to the BL.

Table 2 contains the p-values corresponding to various significance levels for 8 and 9 degrees of freedom. Indeed, 8 degrees of freedom are needed for verifying the conformity of the first meaningful digit (n = 9 and n-1 = 8), so that . Differently, 9 degrees of freedom are the ones employed for verifying the conformity of the second meaningful digit (n = 10 and n-1 = 9); in this case ;.

Table 2. Distribution of  p-values for 8 and 9 degrees of freedom, according to the significance levels. 
	
	Significance levels

	
	1,00
	0,99
	0,95
	0,90
	0,25
	0,10
	0,05
	0,025
	0,01
	0,005

	Degrees of freedom
	p-values

	8
	1,34
	1,65
	2,73
	3,49
	10,2
	13,4
	15,5
	17,54
	20,1
	21,96

	9
	1,74
	2,09
	3,33
	4,17
	11,4
	14,7
	16,9
	19,02
	21,7
	23,59




4. Results

This section contains the analysis and the discussion of the results obtained from the empirical experiment. In particular, we aim at interpreting the financial markets through the assessment of the validity of the BL, mainly when such a law is violated. 
The study has been performed at different levels. First, we have dealt with the indexes with more than 100 components, in order to have consistency in the respect of the cardinality of the dataset. In this respect, we recall that a large dataset is a requirement for checking the validity of the BL. Second, we have carried out the analysis of the indexes aggregated in terms of geographical areas of the relative markets. Third, we have analysed all the indexes together to have a general picture of the world situation.
In the tables below (Tables 3 and 4) one can find the results of the  test for the indexes with more than 100 components and for the geographic areas.

	
	1st digit volume
	1st digit price
	2nd digit volume
	2nd digit price

	FTSE ITALIA SMALL CAP
	8,89418683
	12,2156522
	6,72392148
	10,7901592

	FTSE ITALIA ALL SHARE
	17,7539262
	4,28808661
	4,95303644
	7,41873505

	OSE ALL SHARE
	9,46096051
	9,25376369
	2,44966909
	8,02013759

	NASDAQ COMPOSITE
	14,50280609
	93,43717036
	7,430743972
	12,38956914

	NASDAQ 100
	8,02891215
	19,109046
	4,78071238
	13,0184766

	JAKARTA COMPOSITE
	8,788330727
	15,27951537
	5,742951162
	12,88689165


Table 3.   test performed for individual indexes with more than 100 components.






	
	1st DIGIT VOLUME
	1st DIGIT PRICE
	2nd DIGIT VOLUME
	2nd DIGIT PRICE

	Italy
	34,89306957
	5,768783508
	11,94656804
	14,57381575

	Europe 1*
	10,26652222
	8,021512551
	8,698752939
	5,995530794

	Europe 2*
	31,01624831
	9,923093492
	10,66715576
	11,86938179

	Usa
	11,8702497
	113,3609736
	5,650480794
	17,58469152

	Asia-Pacific area
	9,450189145
	13,44280063
	8,902870173
	7,029834036

	Other relevant markets
	9,964310315
	4,448626433
	8,110803132
	8,217477778

	World 1*
	5,624102229
	104,9908995
	3,999015609
	11,28583735

	World 2*
	10,14766471
	94,67223226
	7,169797966
	10,12147404



Table 4.   test performed for indexes divided by geographic areas. Europe 1* and World 1* denote the cases in which Italy is considered only by the FTSE MIB, while Europe 2* and World 2* are associated to Italy considered by all indexes.

Both first and second significant digits are considered for prices and volumes.
There are some cases in which the  test fails, and the null hypothesis of accordance with the BL is not verified. In the set of non conformity cases, we mention the 1st digit of volume of FTSE ITALIA ALL SHARE, Europe 2* and Italy; the 1st digit of adjusted closing price of NASDAQ COMPOSITE, NASDAQ 100, Usa, Asia-Pacific area, World 1* and World 2*; the 2nd digit of adjusted closing price of Italy and Usa.
Differently, there are some cases in which the critical values of the  test are below confidence levels of at least 50% up to 95%. In these cases we argue that the null hypothesis is accepted and conclude that data fit with BL.
Among the cases of conformity, we point attention to the 1st digit of volume of WORLD 1*; the 1st digit of adjusted closing price of FTSE ITALIA ALL SHARE, Italy and Other relevant markets; the 2nd digit of volume of FTSE ITALIA SMALL CAP, FTSE ITALIA ALL SHARE, OSE ALL SHARE, NASDAQ 100, JAKARTA COMPOSITE, Usa, World 1* and World 2*; the 2nd digit of adjusted closing price of FTSE ITALIA ALL SHARE, OSE ALL SHARE, Europe 1* and Asia-Pacific area.
It is worth to discuss the obtained findings.
For what concerns FTSE ITALIA ALL SHARE, which contains all the stocks listed in the Italian Stock Exchange Borsa Italiana, the distribution of the first digit of the prices is very similar to the theoretical distribution provided by Benford. In fact, the  test gives the very low critical value of 4.288, and the validity of the BL is obtained for a confidence level slightly lower than 80%.
Such a conformity is confirmed also by a pure visual inspection of the interpolating curves of the distributions (see Fig. 1).


Fig. 1: The comparison between the real distributions of the 1st digit of adjusted price and the frequency distribution of Benford for the FTSE ITALIA ALL SHARE.

Also for the analysis of the World joining all the indexes together (considering Italy only through the FTSE MIB), a confidence level of 90% is obtained for the first digit of the volume.
From a visual examination of this chart, it can be note an excellent compliance between the two distributions (see Fig. 2).


Fig. 2: The comparison between the real distributions of the 1st digit of volume and the frequency distribution of Benford for World including FTSE MIB.

Now we focus our attention to the particular case of the OSE ALL SHARE. This index includes all the stocks with high capitalization listed in the Norwegian Stock Exchange. 
By the calculation of the  test for the second meaningful digit of the volume the obtained confidence level is 95% (the critical value is 2.45). This represents an extraordinary result.
In some situations, there is an excellent compliance of the BL with the empirical distribution of the digits even if the visual appeal of the concordance of the corresponding plots is questionable. Such a discrepancy depends on the cardinality of the considered dataset, since a small deviation might be graphically relevant in presence of a small number of data. This said, we point out that the scientifically consistent method for assessing the validity of the BL is the statistical  test. (see Fig. 3) 
In this respect, notice that the OSE ALL SHARE includes only 157 stocks, while in the analysis of the overall World the included stocks are 3727.



Fig. 3: The comparison between the real distributions of the 2nd digit of volume and the frequency distribution of Benford for the OSE ALL SHARE.

We now discuss some cases of not conformity, where BL fails.
The first case concerns Italy.
For the first digit of the volume, BL is violated (see Fig. 4).


Fig. 4: Graphical comparison between the real distributions of the 1st digit of volume and the frequency distribution of Benford for Italy.

Several interpretations can be given to the not conformity of first digit of the volume with the BL for Italy. Such motivations do not include an incompleteness problem of the dataset, since the database of Italy is the most complete one with very few data missing. 
We rather present an historical perspective over the last 15 years, bearing in mind that the considered period for the Italian dataset begins in January 2000. Indeed, when the BL is not valid, there may be events that have "manipulated" the considered dataset.
Surely, the transition between Lira and Euro at the beginning of this century has created an instability which have caused a collapse in the Italian market until 2003, when a slow recovery started, till the market boom in 2007.  Unfortunately, the subprime mortgage crisis in 2008 in the United States was around the corner, and it had a great impact in the Italian markets. These events are, in our view, those which has led to a distortion of a “normal random course” for Italian market, hence leading to the noncompliance with the BL.
Another case of not conformity concerns the first digit of the volumes of the macro area called Europe. 
Looking at the graphical appeal, one can better grasp the failure of the BL (see Fig. 5).


Fig. 5: The comparison between the empirical distributions of the 1st digit of volume and the frequency distribution of Benford for the Europe considering all of Italian indexes.


An important technical aspect which could have affected the results of the   test is the presence of a large amount of missing data. In fact, only few countries are represented in the analysis of Europe, because the time series of many indexes are unavailable (ATX, ISEQ 20 PRICE, BEX 35, PX INDEX, RTS INDEX and OMX Helsinki).
The introduction of the Euro and the American crisis in 2008 might have played a relevant role in the obtained nonconformity outcome. In fact, the negative trends of the European stocks and the increase of the European sovereign debt with the generalized fear of possible default of some countries, may have led to a distortions between empirical distribution and the BL.
Figures 6-8 illustrate the cases of Nasdaq Composite and of the USA in general, for the first and the second significant digit of the price.


Fig. 6: The comparison between the real distributions of the 1st digit of adjusted closing price and the frequency distribution of Benford for the NASDAQ COMPOSITE.












Fig. 7: The comparison between the real distributions of the 1st digit of adjusted closing price and the frequency distribution of Benford for the USA.





Fig. 8: The comparison between the real distributions of the 2nd digit of adjusted closing price and the frequency distribution of Benford for the USA.

The discussion of the USA cases is now provided.
The Nasdaq Composite is made up of 2558 stocks, hence being the most consistent index of the set of the investigated ones. Also the American area is the most relevant one, with 2759 available stocks. BL fails in all these cases.
As for European case, there is an incompleteness problem. Indeed, it has not been possible to find the data of many indexes (the entire S&P and the Russell are missing). This technical reason may be behind the obtained results.
Under a different point of view, the events which seem to be plausibly responsible for the non-validity of BL are of different types. We mention the Black Monday, which represents one of the greatest financial collapse in size globally, all in a single day: October 19th, 1987. It is also important to recall the Twin Towers attacks, when the terrorist attacks at the core of the USA has precipitated the world markets in a state of shock. The invasion of Iraq by the Americans in March 2003 is also a very relevant event. Indeed, USA markets have suffered a lot during the Second Gulf War. That period has experienced a negative peak price ever recorded before. Last but not least, the serious subprime mortgage crisis, with the bursting of the real estate bubble (due to the heavy exposure of the largest investment banks in the area of subprime mortgages). This crisis turned into a financial crisis in 2008 and took a global character which affected every country in the world. Such economic drawback is commonly defined as the worst global financial crisis since 1929. 
[bookmark: _GoBack]

5. Conclusion
The application of the BL has highlighted the complexity of the financial markets and has emphasized the sensitivity to the events around them. Several discrepancies have been observed and commented. The motivations behind them can be found in technical characteristics of the dataset but also in the breakthrough events which provide basically a reshuffling and shake of the ordinary course of finance.  
The analysis has been carried out over first and second relevant digits, for prices and volumes and for all the international markets with a large enough number of data. The peculiar attention to geographical areas and to the overall sample of the World  markets brings further consistency to the obtained results. 
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Probability volume 1°	0	1	2	3	4	5	6	7	8	9	0.30077810571505198	0.176817815937752	0.13549771934531801	9.5250872015025495E-2	7.5395760665414494E-2	6.7883015830426593E-2	5.6882210893480001E-2	4.7222967534209799E-2	4.4271532063321697E-2	Benford	0.30099999999999999	0.17610000000000001	0.1249	9.69E-2	7.9200000000000007E-2	6.6900000000000001E-2	5.8000000000000003E-2	5.1200000000000002E-2	4.58E-2	Frequency Distribution
Probability volume 2°	0	1	2	3	4	5	6	7	8	9	0.146496815286624	0.121019108280255	0.11464968152866201	9.5541401273885301E-2	8.2802547770700605E-2	7.6433121019108305E-2	9.5541401273885301E-2	9.5541401273885301E-2	8.2802547770700605E-2	8.9171974522293002E-2	Benford	0.1197	0.1139	0.10879999999999999	0.1043	0.1003	9.6699999999999994E-2	9.3399999999999997E-2	9.0399999999999994E-2	8.7599999999999997E-2	8.5000000000000006E-2	Frequency Distribution
Probability volume 1°	0	1	2	3	4	5	6	7	8	9	0.25	0.13865546218487401	0.17226890756302499	9.4537815126050403E-2	8.8235294117646995E-2	5.8823529411764698E-2	7.1428571428571397E-2	4.20168067226891E-2	8.4033613445378103E-2	Benford	0.30099999999999999	0.17610000000000001	0.1249	9.69E-2	7.9200000000000007E-2	6.6900000000000001E-2	5.8000000000000003E-2	5.1200000000000002E-2	4.58E-2	Frequency Distribution

Probability volume 1°	0	1	2	3	4	5	6	7	8	9	0.26702702702702702	0.155675675675676	0.155675675675676	8.8648648648648604E-2	8.7567567567567506E-2	5.9459459459459497E-2	7.3513513513513498E-2	4.3243243243243197E-2	6.9189189189189204E-2	Benford	0.30099999999999999	0.17610000000000001	0.1249	9.69E-2	7.9200000000000007E-2	6.6900000000000001E-2	5.8000000000000003E-2	5.1200000000000002E-2	4.58E-2	Frequency Distribution
Probability adj close 1°	0	1	2	3	4	5	6	7	8	9	0.36042823156225201	0.164948453608247	0.102299762093577	7.5337034099920694E-2	5.7494052339413099E-2	5.7494052339413099E-2	5.8683584456780298E-2	5.9476605868358401E-2	6.3838223632038005E-2	Benford	0.30099999999999999	0.17610000000000001	0.1249	9.69E-2	7.9200000000000007E-2	6.6900000000000001E-2	5.8000000000000003E-2	5.1200000000000002E-2	4.58E-2	Frequency Distribution
Probability adj close 1°	0	1	2	3	4	5	6	7	8	9	0.36607466473359901	0.177238129757158	9.9673794853207695E-2	7.2852482783617195E-2	5.4367524465386001E-2	5.5817325117796301E-2	5.5092424791591099E-2	5.7267125770206602E-2	6.1616527727437503E-2	Benford	0.30099999999999999	0.17610000000000001	0.1249	9.69E-2	7.9200000000000007E-2	6.6900000000000001E-2	5.8000000000000003E-2	5.1200000000000002E-2	4.58E-2	Frequency Distribution
Probability adj close 2° 	0	1	2	3	4	5	6	7	8	9	0.119246103660747	0.119971003986952	9.8948894527002507E-2	9.8948894527002507E-2	0.105110547299746	0.11163465023559301	9.4599492569771598E-2	9.3874592243566493E-2	8.6263138818412397E-2	7.1402682131206999E-2	Benford	0.1197	0.1139	0.10879999999999999	0.1043	0.1003	9.6699999999999994E-2	9.3399999999999997E-2	9.0399999999999994E-2	8.7599999999999997E-2	8.5000000000000006E-2	Frequency Distribution

