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Abstract The set of rigid-body displacements allowed by three simpleopen-chain
linkages are studied. These linkages consist of a cylindrical and spherical joint: the
CS dyad, a revolute, a prismatic and a spherical joint: the RPS linkage, two revolutes
and a spherical joint: the RRS linkage. Using the Study quadric to represent the
group of all rigid-body displacements the constraint varieties for these examples
are found. In the case of the CS and RPS linkages these are found to be quartic
hypersurfaces while the constraint variety for the RRS linkage is a hypersurface of
degree 8. Finally it is shown that all three constraint varieties are linear projections
of a Segre variety inP15.

Key words: Rigid-body displacements, open-chain linkages, constraint varieties.

1 Introduction

Previous work [6, 7] studied the set of all proper rigid-bodydisplacements which
transformed a point in such a way that it remained on a fixed plane or a fixed sphere.
These sets of rigid displacements are important in kinematics because they can also
be viewed as the possible displacements achievable by an ES or an SS dyad respec-
tively. It was shown that if the space of rigid displacementsis represented by the
Study quadric, then the constraint manifolds for the point-plane and point-sphere
constraints are the intersection of the Study quadric with another quadric hypersur-
face inP7.

The present work follows some work of McCarthy and co-workers [4] who in-
vestigated the set of displacements achievable by certain open-chain linkages. Some
of this work is repeated here using the Study quadric as a model for the group of
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Fig. 1 A Point on a Cylinder.

all rigid-body displacements. In a final section some general remarks are made con-
cerning the geometry of the constraint varieties produced by the three examples
considered below.

It is convenient to use the Clifford algebraCl(0,3,1) to perform some of the geo-
metric computations. This algebra is particularly well suited to Euclidean geometry
and contains the dual quaterions as a subalgebra. Unfortunately limitations on space
preclude a review of this material, however a complete introduction to this algebra
and its use for geometric computation may be found in [5, Chap. 10].

2 The CS Dyad

The first linkage considered is a chain consisting of a cylindrical joint together with
a spherical joint. Note that the same set of displacements could be achieved with
a revolute joint, a prismatic joint and a spherical joint so long as the axes of the
revolute and prismatic joints are parallel.

Another way to look at this set of possible displacements is as the set of group
elements that preserve the incidence of a point with a cylinder. The point is the
centre of the spherical joint and the axis of the cylinder is the axis of the cylindrical
joint, see Fig. 1.

Using the Clifford algebraCl(0,3,1), it is now easy to find the equation satisfied
by the group elements which preserve this incidence. In thisalgebra a point is given
by p= p0e1e2e3+ p1e2e3e+ p2e3e1e+ p3e1e2e where thepi are the projective co-
ordinates of the point and Theeis are the basis elements of the algebra. A general
line has the formℓ= u01e2e3+u02e3e1+u03e1e2+u23e1e+u31e2e+u12e3e, where
theui j are the Plücker coordinates of the line. In general the square of the distance
from a pointp to a lineℓ is given by,

r2 = (p∨ ℓ)(p∨ ℓ)−/ℓℓ−.

Here∨ is the shuffle product, a derived product in the Clifford algebra and the
superscript()−, denotes the Clifford conjugate of an element of the algebra. If the
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cylinder has axisℓ and radiusr then the required rigid displacementsg, will satisfy,

(gpg−∨ ℓ)(gpg−∨ ℓ)− = r2(ℓℓ−).

If the pointp lies on the cylinder to begin with, then this can be written,

(gpg−∨ ℓ)(gpg−∨ ℓ)−− (p∨ ℓ)(p∨ ℓ)−(gg−)2 = 0. (1)

For a fixed cylinder this equation is a homogeneous quartic inP
7.

To make this a little clearer and to investigate some of the properties of these
constraint varieties a particular example is introduced. Assume that the pointp is
initially located at the origin and the lineℓ is parallel to thez-axis but displaced a
distancer in thex-direction. In the Clifford algebra these elements are given by

p= e1e2e3 and ℓ= e1e2− re2e.

A general group element in this algebra has the form,

g= a0+a1e2e3+a2e3e1+a3e1e2+ c0ee1e2e3+ c1e1e+ c2e2e+ c3e3e, (2)

where the coefficientsai andci satisfya0c0+a1c1+a2c2+a3c3 = 0, the quadratic
equation defining the Study quadric. Using this to transformthe point gives,

gpg− = (a2
0+a2

1+a2
2+a2

3)e1e2e3+2(a0c1−a1c0+a2c3−a3c2)e2e3e+

2(a0c2−a1c3−a2c0+a3c1)e3e1e+2(a0c3+a1c2−a2c1−a3c0)e1e2e

and hence,

gpg−∨ ℓ = −2r(a0c2−a1c3−a2c0+a3c1)e−

2(a0c2−a1c3−a2c0+a3c1)e1+
(

2(a0c1−a1c0+a2c3−a3c2)− r(a2
0+a2

1+a2
2+a2

3)
)

e2.

Finally the quartic equation sought is,

(gpg−∨ ℓ)(gpg−∨ ℓ)−− (p∨ ℓ)(p∨ ℓ)−(gg−)2 =

4(a0c1−a1c0+a2c3−a3c2)
2+4(a0c2−a1c3−a2c0−a3c1)

2
−

4r(a2
0+a2

1+a2
2+a2

3)(a0c1−a1c0+a2c3−a3c2) = 0.

Let us write,

F = (a0c1−a1c0+a2c3−a3c2)
2+(a0c2−a1c3−a2c0−a3c1)

2
−

r(a2
0+a2

1+a2
2+a2

3)(a0c1−a1c0+a2c3−a3c2),

so that the quartic constraint equation isF = 0. Clearly F vanishes whena0 =
a1 = a2 = a3 = 0. This 3-plane also lies in the Study quadrica0c0+a1c0+a2c2+
a3c3 = 0 but does not correspond to any rigid-body displacement. This 3-plane of
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Fig. 2 A Point on a Hyperboloid.

ideal elements will be denotedA∞. The above shows thatA∞ lies in this constraint
variety. Moreover, it is easy to see that the partial derivatives∂F/∂ai and∂F/∂ci

(i = 0,1,2,3) all vanish onA∞. So the 3-plane is in fact singular in the quartic.
Notice that this result doesn’t depend on the value ofr, the radius of the cylinder.

Moreover, the corresponding equation for a CS linkage with adifferent axis can be
found by an action of the group of rigid-body displacements.However, the 3-plane
A∞ is invariant under the action of the group and hence this 3-plane will be singular
in the constraint variety for any CS linkage.

3 The RPS Linkage

Next we look at the RPS linkage. The group elements generatedby such a linkage
can be considered as the group elements that constrain the centre of the spherical
joint to remain on a cylindrical hyperboloid. This cylindrical hyperboloid is the
regulus generated by swinging the prismatic joint about theaxis of the revolute, see
Fig. 2.

The equation satisfied by the group elements satisfying thisconstraint can be
found in much the same way as in the previous section. In this case we need to
consider the distance of the point to the axis of the revolutejoint, (p∨ ℓ)(p∨ ℓ)− as
well as the distance from the point to the plane defined by the common perpendicular
between the axes of the revolute and prismatic joints, see Fig. 2. If this plane is
labelledπ then the square of the perpendicular distance from the pointp to the plane
is given by the expression,(p∨π)(p∨π)−. The equation of a general hyperbola is
x2/α2

− y2/β 2 = 1, whereα and β are constants. Hence the group elementsg,
which preserve the incidence of the point with a cylindricalhyperboloid will be,

1
α2 (gpg−∨ ℓ)(gpg−∨ ℓ)−−

1
β 2 (gpg−∨π)(gpg−∨π)− = (gg−)2.

As in the previous section this constraint equation has degree 4 in the components
of the group elementg.
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Suppose that the minimum distance from the axis of the revolute joint ℓ to the
point p is l . This design parameter will be referred to as the link-length of the
linkage. Clearly this minimum will occur when the point lieson the planeπ and
hence it is easy to see thatα = l in the equation above. By considering a more gen-
eral point on the hyperboloid, see fig.2(b), the constantβ can be shown to satisfy
β 2 = l2/ tan2 φ , whereφ is the twist angle between the axes revolute joint and the
prismatic joint. Hence in terms of the design parametersl andφ the equation for the
constraint variety may be written as,

cos2 φ(gpg−∨ ℓ)(gpg−∨ ℓ)−− sin2 φ(gpg−∨π)(gpg−∨π)− = l2(gg−)2. (3)

As a concrete example consider a linkage with a similar design to the CS linkage
studied above. The pointp can initially be taken to be at the origin,p= e1e2e3 and
the axis of the revolute joint can be taken asℓ = e1e2− le2e, that is a line parallel
to thez-axis but displacedl units in thex-direction. The planeπ can be taken as
thexy-plane,π = e3. Notice that the location of the prismatic joint is not important,
only its direction determined by the twist angleφ . With these choices many of the
computations we need have already been done above, in fact the only new result
needed is,

gpg−∨π =−2(a0c3+a1c2−a2c1−a3c0).

Substituting the results into (3) above and rearranging a little gives,

0=4cos2 φ(a0c2−a1c3−a2c0+a3c1)
2+

4cos2 φ(a0c1−a1c0+a2c3−a3c2)
2
−

4sin2 φ(a0c3+a1c2−a2c1−a3c0)
2
−

4l cos2 φ(a0c1−a1c0+a2c3−a3c2)(a
2
0+a2

1+a2
2+a2

3)−

l2sin2 φ(a2
0+a2

1+a2
2+a2

3)
2.

Notice that the quartic variety inP7 defined by this equation contains the 3-plane
A∞ and moreover is singular on this plane.

4 The RRS Linkage

Finally here consider the RRS linkage. It is well known that apoint attached to a pair
of revolute joints will trace out a general torus, see [1]. Asin [1] the equation of the
surface traced out by the point can be found by considering the radial components
andz-components of the pointp in fig.3 and then eliminating the second joint angle
θ2 to give,

(

(x2+ y2+ z2)− (l2+d2+ r2)
)2

= 4l2
(

r2
−

(

z−dcosφ
sinφ

)2
)

.
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Fig. 3 The RRS linkage.

The design parametersl , d, r andφ are as shown in fig.3and can be thought of as
the link-length, offset, second radius and twist-angle respectively.

To find the equation inP7 satisfied by the group elements which preserve the
incidence of the point with the torus we look again at the radial andz-components
of p. The radial component ofp is the distance from the first joint axisℓ1 to p. For
a general point the square of this distance will be(gpg−∨ ℓ1)(gpg−∨ ℓ1)

−. For the
coordinates of fig.3, this expression can be used to replacex2+y2. Thez-component
of p is the distance top from the plane containing the perpendicular common toℓ1

andℓ2. This distance can be expressed asgpg−∨π which can be used to replacez in
the equation above. Multiplying terms by the factorgg− to produce a homogeneous
equation gives,

(

(gpg−∨ℓ1)(gpg−∨ℓ1)
−+(gpg−∨π)(gpg−∨π)−− (l2+d2+ r2)(gg−)2)2

=

4(gg−)2l2
(

(gg−)2r2
−

(

(gpg−∨π)−d(gg−)cosφ
sinφ

)2
)

. (4)

Clearly this equation has degree 8 in the components of the group elementsg.
In reference [1] Fichter and Hunt look for circles in the general torus described

above to find all possible mobileRRSRmechanisms. A revolute joint produces a
one-parameter family of group elements which lie on a line inthe Study quadric. So
to find all mobile RRSR mechanisms we could look for lines in the degree 8 hyper-
surface given by equation (4). Actually, we only need to lookfor lines of the form
g(λ ) = 1+λ ℓ whereℓ is a line—the axis of the final revolute joint. Substituting this
form into the equation for the constraint variety will produce a degree 8 equation in
the parameterλ . For the line to lie in the constraint variety the coefficients of each
power ofλ must vanish. Hence we can produce conditions for an RRSR mechanism
to be mobile. In principle, this strategy for finding mobile mechanisms can be ex-
tended to other linkages, however the analysis of the conditions produced may not
be straightforward.
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5 The Segre Variety P
1
×P

1
×P

3

The three examples studied above, together with a couple of other examples not
considered here, are united by the fact that their constraint varieties are projections
of the Segre varietyP1

×P
1
×P

3.
To see this first consider the Segre varietyP

1
×P

1
×P

3. A point, with homoge-
neous coordinates,(α0 : α1)× (β0 : β2)× (γ0 : γ1 : γ2 : γ3) can be mapped to a point
(X000 : X100 : X010 : · · · : X113) in P

15. This is the Segre map defined byXi jk =αiβ jγk.
That isX000= α0β0γ0, X100= α1β0γ0 and so forth. The image of this map is known
as the Segre variety. Using the techniques described in [2] it is possible to show
that this variety has degree 20. It is also easy to see that it lies on several quadric
hypersurfaces inP15. There are 12 quadrics of the formXi jkXilm −Xi jmXilk = 0 and
another 12 of the formXi jkXl jm −Xi jmXl jk = 0. Then there are 6 each of the forms
X00kX11l −X10l X01k= 0,X01kX10l −X00lX11k =0 andX00kX11l −X01kX10l = 0. Finally
there are 4 of the formX00kX11k−X10kX01k = 0. This makes 46 linearly independent
quadrics.

To see the connection with the constraint varieties discussed above we will look
at just one example. Consider the CS dyad from Section 2, in particular the example
given at the end of the section. The constraint variety can beparameterised as a
product of Clifford algebra elements,

g= (α0+α1(e1e2− re2e))(β0+β1e3e)(γ0+ γ1e2e3+ γ2e3e1+ γ3e1e2).

Multiplying out the above product gives an element of the form given in (2) with
components,

a0 = α0β0γ0−α1β0γ3, c0 = −α0β1γ3−α1β1γ0+ rα1β0γ2,
a1 = α0β0γ1−α1β0γ2, c1 = −α0β1γ2−α1β1γ1− rα1β0γ3,
a2 = α0β0γ2+α1β0γ1, c2 = α0β1γ1−α1β1γ2− rα1β0γ0,
a3 = α0β0γ3+α1β0γ0, c3 = α0β1γ0−α1β1γ3+ rα1β0γ1.

Now suppose we choose new coordinates forP
15, label these new coordinates

ā0, . . . , ā3, b̄0, . . . , b̄3, c̄0, . . . , c̄3 and set,

ā0 = X000−X103, c̄0 =−X013−X110+ rX102,

and so forth. The coordinates̄bi can be chosen so that the coordinate transformation
is non-singular. Now it is clear that mapping ¯ai 7→ ai and c̄i 7→ ci maps the Segre
variety to the constraint variety for the CS linkage. Geometrically this is a linear
projection fromP

15 toP
7, the centre of the projection is given by the 7-plane which

is the intersection of the eight hyperplanes ¯ai = 0, c̄i = 0. It is not difficult to see that
similar constructions can be given for the other examples discussed above.

Note that is should be possible to compute the degree of the constraint variety
from the degree of the Segre variety and a knowledge of how theSegre variety
meets the centre of the projection, see [2].
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6 Conclusions

In the space available it has only been possible to outline briefly the geometry of
these constraint varieties and hint at some possible applications for this approach.

This work should be viewed as part of a general programme to investigate ge-
ometric constraint varieties. These are the possible rigiddisplacements allowed by
some geometric problem. The rigid displacements allowed bysimple linkages are
of most relevance to Kinematics and Robotics. It is known that a revolute joint pro-
duces a line in the Study quadric, a general RR dyad generatesthe intersection of the
Study quadric with a 3-plane. An RRR linkage gives aP

1
×P

1
×P

1 Segre variety,
[3]. Some quadratic constraint varieties were studied in [7].

The ubiquity of Segre manifolds is now clear and connected tothe parameterisa-
tion of these varieties as products of subgroups. The constraint variety of a general
RRdyad could be thought of as the Segre varietyP

1
×P

1. Moreover, it can be pre-
dicted with some confidence that the constraint variety formed by the displacements
allowed by a general RRRR linkage will be the projection of aP

1
×P

1
×P

1
×P

1

Segre variety.
By intersecting several of these constraint varieties we can study the properties

of mechanisms formed by joining the corresponding linkagesin parallel. Except in
the case of point-plane constraints, this problem has not been investigated to any
great extent.

McCarthy and co-workers use equations such as those found above to design
mechanisms, see [4]. It would be useful to formalize this problem by embedding
the space of all possible linkages of some type, in an algebraic variety. For example,
the CS dyads could be thought of as (an open set in)QK ×P

3, the product of the
Klein quadric of lines inP3 with the space of points. This turns design synthesis
into a problem in Algebraic geometry. Unfortunately these problems are still highly
non-trivial.
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