Some Rigid-Body Constraint Varieties
Generated by Linkages

J.M. Selig

Abstract The set of rigid-body displacements allowed by three singplen-chain
linkages are studied. These linkages consist of a cyliataied spherical joint: the
CS dyad, a revolute, a prismatic and a spherical joint: th® Rfkage, two revolutes
and a spherical joint: the RRS linkage. Using the Study quadrrepresent the
group of all rigid-body displacements the constraint v for these examples
are found. In the case of the CS and RPS linkages these ard foure quartic
hypersurfaces while the constraint variety for the RRSdu s a hypersurface of
degree 8. Finally it is shown that all three constraint Wggeare linear projections
of a Segre variety ifP*°.

Key words: Rigid-body displacements, open-chain linkages, comgtrairieties.

1 Introduction

Previous work [6, 7] studied the set of all proper rigid-batigplacements which
transformed a point in such a way that it remained on a fixedlepta a fixed sphere.
These sets of rigid displacements are important in kinersatcause they can also
be viewed as the possible displacements achievable by an &#835 dyad respec-
tively. It was shown that if the space of rigid displacemeasateepresented by the
Study quadric, then the constraint manifolds for the ppilane and point-sphere
constraints are the intersection of the Study quadric wittitaer quadric hypersur-
face inP’.

The present work follows some work of McCarthy and co-woskdj who in-
vestigated the set of displacements achievable by cen&in-ohain linkages. Some
of this work is repeated here using the Study quadric as a hfiodthe group of
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Fig. 1 A Point on a Cylinder.

all rigid-body displacements. In a final section some gdmeraarks are made con-
cerning the geometry of the constraint varieties produgethk three examples
considered below.

Itis convenient to use the Clifford algel€4(0, 3,1) to perform some of the geo-
metric computations. This algebra is particularly welkedito Euclidean geometry
and contains the dual quaterions as a subalgebra. Unfoetytienitations on space
preclude a review of this material, however a complete @himtion to this algebra
and its use for geometric computation may be found in [5, Chép

2 The CS Dyad

The first linkage considered is a chain consisting of a cylaad joint together with
a spherical joint. Note that the same set of displacementkldze achieved with
a revolute joint, a prismatic joint and a spherical joint ead as the axes of the
revolute and prismatic joints are parallel.

Another way to look at this set of possible displacementsitha set of group
elements that preserve the incidence of a point with a cglintihe point is the
centre of the spherical joint and the axis of the cylindehésaxis of the cylindrical
joint, see Fig. 1.

Using the Clifford algebr&l(0,3,1), it is now easy to find the equation satisfied
by the group elements which preserve this incidence. Irellgisbra a point is given
by p = poe1&res + p1&2€e3e+ poezere+ pseiee where thep; are the projective co-
ordinates of the point and Thes are the basis elements of the algebra. A general
line has the formf = up1e2€3 + Ugoe3€; + Ug3e € + Uxze e+ Uz €€+ Upoese, where
theu;; are the Pliicker coordinates of the line. In general therggofithe distance
from a pointp to a line/ is given by,

r2=(pVeO)(pVve)~ /e,

Here V is the shuffle product, a derived product in the Clifford &ligeand the
superscrip{)~, denotes the Clifford conjugate of an element of the algdbthe
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cylinder has axig and radius then the required rigid displacemegtswill satisfy,
(9pg VO)(gpg Vv e)~ =r3(ee).

If the pointp lies on the cylinder to begin with, then this can be written,
(gpg™VE)(gpg Vv E)~ —(pPVO)(PVE) (99 )* =0. (1)

For a fixed cylinder this equation is a homogeneous quarifi in
To make this a little clearer and to investigate some of ttoperties of these
constraint varieties a particular example is introducessuine that the poirt is
initially located at the origin and the lingéis parallel to thez-axis but displaced a
distance in thex-direction. In the Clifford algebra these elements are give
p=ee&e and [(=ee —ree
A general group element in this algebra has the form,

g=ap+ a1e2€3 + azese) + aze1€2 + Coee ee3 + Cre1e+ Crepe+ Czeze,  (2)

where the coefficients; andc; satisfyagco -+ a;cy + ascy + ascs = 0, the quadratic
equation defining the Study quadric. Using this to transftirenpoint gives,

gpg” = (83 + a2 + a3+ a3)erepes + 2(apCi — a1Co + 8xC3 — 83C2)Ere3e+
2(apC2 — a1C3 — @2Co + asC1)ese1e+ 2(agCs + a1Cp — axC1 — asCo)e1€2€
and hence,
gpg VI = —2r(agC; — a1C3 — axCo + asc1)e—

2(agCz — a1C3 — @xCo + a3Cy)er +
(2(a0Cy — a1Co + 2C3 — agCz) — I (a§ + a2 + a3+ a3) ) ex.

Finally the quartic equation sought s,
(gpg VO)(gpg Ve~ = (PVO(PVE) (99 )* =

A(agCy — a1Cp + @2C3 — agCz)? + 4(agCy — @63 — @xCo — asCy )2 —
4r (a3 + a2 + a3 + a3) (apCy — a1Co + axC3 — azcy) = 0.

Let us write,

F = (a0C1 — a1Co+ apC3 — aaCz)” + (80C2 — @1C3 — @2Co — @gC1)” —
r(a§+ af + a5+ a5)(aoC1 — a1Co + a2C3 — a3Cz),
so that the quartic constraint equationFis= 0. Clearly F vanishes wheray =

a; = ap = az = 0. This 3-plane also lies in the Study quadiicy + a1co + axcx +
ascz = 0 but does not correspond to any rigid-body displacemeris 34plane of
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(a) (b)
Fig. 2 A Point on a Hyperboloid.

ideal elements will be denote,. The above shows th#t, lies in this constraint
variety. Moreover, it is easy to see that the partial deivestoF /0a; anddF /dc
(i=0,1,2,3) all vanish orA.. So the 3-plane is in fact singular in the quartic.

Notice that this result doesn’t depend on the value tte radius of the cylinder.
Moreover, the corresponding equation for a CS linkage witkffarent axis can be
found by an action of the group of rigid-body displacemeRwever, the 3-plane
A is invariant under the action of the group and hence thisaBeWwill be singular
in the constraint variety for any CS linkage.

3 The RPS Linkage

Next we look at the RPS linkage. The group elements genebgtedch a linkage
can be considered as the group elements that constrain ritre of the spherical
joint to remain on a cylindrical hyperboloid. This cylindal hyperboloid is the
regulus generated by swinging the prismatic joint abousttie of the revolute, see
Fig. 2.

The equation satisfied by the group elements satisfyingdbiisstraint can be
found in much the same way as in the previous section. In tg eve need to
consider the distance of the point to the axis of the revghite, (pV ¢)(pV{¢)~ as
well as the distance from the point to the plane defined bydh@eon perpendicular
between the axes of the revolute and prismatic joints, sgeZFilf this plane is
labelledrrthen the square of the perpendicular distance from the pdothe plane
is given by the expressiofpV m)(pV 11)~. The equation of a general hyperbola is
x?/a? —y?/B? = 1, wherea and 8 are constants. Hence the group elements
which preserve the incidence of the point with a cylindrizgberboloid will be,

1 B | B N 5
52(9Pg vV E)(gpg V)T — @(gpg vm(gpg v~ = (99 )"

As in the previous section this constraint equation hasededrin the components
of the group elemerg.
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Suppose that the minimum distance from the axis of the réwghint ¢ to the
point p is I. This design parameter will be referred to as the link-langft the
linkage. Clearly this minimum will occur when the point liea the planet and
hence it is easy to see that=| in the equation above. By considering a more gen-
eral point on the hyperboloid, see fig.2(b), the consfactin be shown to satisfy
B2 =12/tar? @, whereg is the twist angle between the axes revolute joint and the
prismatic joint. Hence in terms of the design paramdtargl the equation for the
constraint variety may be written as,

cog g(gpg™ vV ¢)(gpg VE)~ —sirfe(gpg Vv m(gpg V)~ =1%(gg )% (3)

As a concrete example consider a linkage with a similar aesighe CS linkage
studied above. The poiptcan initially be taken to be at the origip,= e;e,e3 and
the axis of the revolute joint can be takenfas e;e; — lese, that is a line parallel
to the z-axis but displaced units in thex-direction. The planet can be taken as
thexy-plane,m = e3. Notice that the location of the prismatic joint is not imtzort,
only its direction determined by the twist angpe With these choices many of the
computations we need have already been done above, in acntii new result
needed is,

gpyg VM= —2(agCz+ a;Cy — ayCy — asCp).

Substituting the results into (3) above and rearrangintila Gives,

0=4c0% g(agC, — a1C3 — aCo + a3ty ) >+
408 p(agty — a1Co + 82C3 — 83C2)* —
4sirf (aoCs + a1Cz — a1 — agCo)*—
4l cog @(agC1 — a1y + axCs — asCy) (a3 + a2 + a3 + a3)—
12sir? @(a3 + a3 + a5 + a3)°.

Notice that the quartic variety iR’ defined by this equation contains the 3-plane
A, and moreover is singular on this plane.

4 TheRRS Linkage

Finally here consider the RRS linkage. It is well known thpboant attached to a pair
of revolute joints will trace out a general torus, see [1].i\EL] the equation of the
surface traced out by the point can be found by consideriagdtial components
andz-components of the pointin fig.3 and then eliminating the second joint angle
6, to give,

(0RF+Y2+2) — (12 +d?+r2))? = 412 <r2 <7chos¢)z> .

sing
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Fig. 3 The RRS linkage.

The design parametersd, r and ¢ are as shown in fig.3and can be thought of as
the link-length, offset, second radius and twist-anglpeesvely.

To find the equation ifP’ satisfied by the group elements which preserve the
incidence of the point with the torus we look again at theabhdhdz-components
of p. The radial component gf is the distance from the first joint axfsg to p. For
a general point the square of this distance willgpg™ Vv ¢1)(gpg- Vv ¢1)~. For the
coordinates of fig.3, this expression can be used to repfagg?. Thez-component
of pis the distance t@ from the plane containing the perpendicular commo#fyto
and/,. This distance can be expressedpg \ rtwhich can be used to replazé
the equation above. Multiplying terms by the faaigr to produce a homogeneous
equation gives,

((gpg™V£1)(gpg™ V)~ +(gpg vV m)(gpg V)~ — (12+d2+r?)(gg)?)? =
_ 2
4(997)2|2 <(gg)2r2 _ ((g pg \ T[) - d(gg )COS(p) ) ) (4)

sing

Clearly this equation has degree 8 in the components of thgogglements.

In reference [1] Fichter and Hunt look for circles in the gethéorus described
above to find all possible mobilRRSRmechanisms. A revolute joint produces a
one-parameter family of group elements which lie on a linthenStudy quadric. So
to find all mobile RRSR mechanisms we could look for lines i degree 8 hyper-
surface given by equation (4). Actually, we only need to Iémklines of the form
g(A) =14 A¢wherelis a line—the axis of the final revolute joint. Substitutigst
form into the equation for the constraint variety will pradua degree 8 equation in
the parametei . For the line to lie in the constraint variety the coefficenf each
power ofA must vanish. Hence we can produce conditions for an RRSRanésrh
to be mobile. In principle, this strategy for finding mobileeamanisms can be ex-
tended to other linkages, however the analysis of the cmmgdiproduced may not
be straightforward.
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5 The Segre Variety P! x p x p3

The three examples studied above, together with a coupléhefr @xamples not
considered here, are united by the fact that their constvaiieties are projections
of the Segre varietP* x P! x P,

To see this first consider the Segre varigtyx P* x P3. A point, with homoge-
neous coordinate$gg : 1) x (Bo: B2) X (Yo: ¥i: Ve ¥3) can be mapped to a point
(Xooo: X100: Xo10: -+ : Xq13) in P*°. This is the Segre map defined Kyk = ai ;-
That isXp00= aofoYo, X100 = a1fo¥o and so forth. The image of this map is known
as the Segre variety. Using the techniques described irt j2]gossible to show
that this variety has degree 20. It is also easy to see thiasibh several quadric
hypersurfaces if**>. There are 12 quadrics of the foljx Xim — XijmXik = 0 and
another 12 of the fornXjxXijm — XijmXjx = 0. Then there are 6 each of the forms
XookX11 — X101 Xo1k = 0, XowX10 — Xoo X1k = 0 andXoaX1 1 — XowX1a = 0. Finally
there are 4 of the for g X1k — XaokXo1k = 0. This makes 46 linearly independent
quadrics.

To see the connection with the constraint varieties dismiapove we will look
at just one example. Consider the CS dyad from Section 2 riicpkar the example
given at the end of the section. The constraint variety caparameterised as a
product of Clifford algebra elements,

g= (a0 + ai(ere —rese))(Bo+ B1€3€) (Yo + V16263 + Yo€381 + Yre16).

Multiplying out the above product gives an element of therfajiven in (2) with
components,

ap = AofoYb — a1PoVs, Co = —AoP1ys — a1fryo +raifoys,
a1 = aofoyr — a1BoVe, C1 = —0ofrye — a1B1y1 — raifoys,
a = aofoy2 + a1Povi, C2 = QoPiyr — a1B1y> — raifoyo,
ag = dofoys + a1Polb, C3 = AoPiyo — a1frys+rafoyi.

Now suppose we choose new coordinates#&t, label these new coordinates
ap,...,as,bo,...,bs,Cy,...,C3 and set,

ap = Xooo— X103, Co = —Xo13— X110+ X102,

and so forth. The coordinatbscan be chosen so that the coordinate transformation
is non-singular. Now it is clear that mappilag— a andc; — ¢; maps the Segre
variety to the constraint variety for the CS linkage. Geainally this is a linear
projection fromP*® to P, the centre of the projection is given by the 7-plane which
is the intersection of the eight hyperplamgs-0, ¢; = 0. Itis not difficult to see that
similar constructions can be given for the other examplssudised above.

Note that is should be possible to compute the degree of thstraint variety
from the degree of the Segre variety and a knowledge of howStwre variety
meets the centre of the projection, see [2].
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6 Conclusions

In the space available it has only been possible to outlireflpthe geometry of
these constraint varieties and hint at some possible atiglits for this approach.

This work should be viewed as part of a general programmeviestigate ge-
ometric constraint varieties. These are the possible dgglacements allowed by
some geometric problem. The rigid displacements allowedilmyple linkages are
of most relevance to Kinematics and Robotics. It is known ghavolute joint pro-
duces aline in the Study quadric, a general RR dyad gen¢haté@gersection of the
Study quadric with a 3-plane. An RRR linkage giveB'ax P! x P! Segre variety,
[3]. Some quadratic constraint varieties were studied n [7

The ubiquity of Segre manifolds is now clear and connecteédegarameterisa-
tion of these varieties as products of subgroups. The ainstrariety of a general
RRdyad could be thought of as the Segre variety P1. Moreover, it can be pre-
dicted with some confidence that the constraint variety &ty the displacements
allowed by a general RRRR linkage will be the projection d'ax P! x P! x P!
Segre variety.

By intersecting several of these constraint varieties westady the properties
of mechanisms formed by joining the corresponding linkdgexarallel. Except in
the case of point-plane constraints, this problem has nen li@vestigated to any
great extent.

McCarthy and co-workers use equations such as those foumndbdb design
mechanisms, see [4]. It would be useful to formalize thisbprm by embedding
the space of all possible linkages of some type, in an aligebasiety. For example,
the CS dyads could be thought of as (an open se®jnk P3, the product of the
Klein quadric of lines inP* with the space of points. This turns design synthesis
into a problem in Algebraic geometry. Unfortunately thesglylems are still highly
non-trivial.
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