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ABSTRACT
This work analyses the viability of the theory of critical distances (TCD) using mesh control for
fretting fatigue lifetime assessment. More than seven hundred sets of simulations were performed by
taking seventy different experimental tests reported previously in the literature. The outcome of the
present study suggests that the TCD mesh control method can be extended to fretting fatigue problems
by the reasonable assumption of setting the right element size proportional to critical distance. In this
study, a significant computational time reduction of up to 97% was obtained. Thus, this study
provides a simple method to design complex 3D industrial components subjected to fretting fatigue
phenomena using finite element analysis efficiently without requiring complex remeshing techniques.
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Nomenclature
Abbreviations
DoE

= Design of experiment

FEA

= Finite Element Analysis

FEM

= Finite Element Method

FFM

= Finite fracture mechanics

FIP

= Fatigue Indicator Parameter

FS

= Fatemi-Socie

ICM

= Imaginary crack method

LM

= Line Method

MC

= Mesh Control

MPC

= Multi-point constraint

PM

= Point Method

PS

= Point Stress

SWT

= Smith-Watson-Topper

TCD

= Theory of Critical Distances

Symbols
A

= Cross section area

d

= Element size

NA

= Reference number of cycles to failure

L

= Critical Distance

P

= Normal force

Q

= Tangential Force

rpad

= Pad radius

Rσ

= Fully reversed bulk stress

RQ

= Fully reversed tangential force

σB

= Bulk stress

σR

= Bulk stress reaction

0

= Fatigue limit

K th

= Fatigue crack propagation threshold

0

= Fatigue limit range

1. Introduction

Fretting phenomena arise when two bodies that are in contact are subjected to relative movement of
small amplitude (0–300 μm), producing damage on the contact surface [1] that can lead to
catastrophic failure. When the presence of fretting is in conjoint action with cyclic remote loading,
this reduces the fatigue performance and the effect is known as fretting fatigue [2].
Since virtually all machines vibrate, many engineering assemblies (even ones that are not intended to
move) are prone to fretting fatigue problems, including aircraft engine blade housings [3], ropes [4],
flexible couplings [5], self-piercing rivets [6] and even orthopaedic devices [7]. Consequently,
fretting fatigue presents major safety and economic concerns. Predicting this phenomenon is of major
importance in determining, for instance, the lifetime of safe use of critical components. However,
despite numerous advances made in this area, there is no general model that can predict fretting
fatigue.
The use of the finite element method (FEM) to analyse fretting fatigue phenomena has attracted
interest, since it provides valuable failure data that is very difficult to capture via direct experiments
and/or analytical solutions [8]. The major difficulties in dealing with fretting fatigue simulation arises
from (i) the intense stress gradient below the contact surface in the vicinity of the contact edge [9],
and (ii) the multiaxial and non-proportional nature of the loading conditions [10].
Due to the localized stress at the surface, local approaches based on estimating the stresses at the hot
spots (see Fig. 1) are not appropriate for predicting fretting fatigue lives, since they provide overconservative results [11]. Thus, non-local methods are more appropriate for life prediction in the
presence of high stress gradients, such as the ones existing in fretting fatigue contacts [12–15].
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Fig. 1. Schematic description of the hot spot (i.e., the edge of the contacting surfaces in fretting fatigue).

The theory of critical distances (TCD) [16] is the name given to a group of methods and has been one
of the most widely used non-local approaches over the last decade, and was introduced in the fretting
literature [17,18] to predict notch fatigue effects or those caused by stress concentrators.
The TCD has been applied to predict notch-based fracture and fatigue in a wide range of materials
and components [19]. Taylor considers four methods, the point method (PM), line method (LM),
imaginary crack method (ICM), and finite fracture mechanics (FFM), to be different manifestations
of the same TCD method, as all these methods reveal a very similar result. All the methods have
certain features in common: (i) the use of a characteristic material length parameter, the so-called
critical distance L, and (ii) the fact that all are based on linear elastic analysis. The point method (PM)
is the simplest form of the TCD and, therefore, the most convenient for industrial components. The
criterion is stated as follows: ‘Failure will occur when the stress at a distance L/2 from the notch root
is equal to  0 ’ [16], and can be written as:

  L 2  0 ,

(1)

where L is the so-called critical distance, the stress at a distance L/2 is the point stress (PS) and  0 is
the fatigue limit. The value of L is a material constant which can be found either by conducting tests
on notched specimens or by using the following relationship: :
2

1  K th 
L 
 ,
   0 

(2)

where  0 is the fatigue limit range and K th is the fatigue crack propagation threshold. Usually, a

fully reversed loading ratio is used for σ0 in fretting, as the fretted contact introduces compressive
stresses. On the other hand, a zero loading ratio ( R  0 ) is used for K th , since it is assumed that
compressive stresses do not contribute to crack propagation [10].
In the early 1950s, when the TCD method was developed for the prediction of metal fatigue, it was
daunting to obtain accurate stress-field data for components, so their industrial use required
over-simplified empirical equations. However, the use of these equations and their subsequent
refinements is now inappropriate, particularly when finite element analysis (FEA) can reveal much
more clarity about the stress field near sharp features. However, a FEA of this sort of problem
currently relies on a cumbersome trial and error way of asserting an appropriate meshing strategy.

For example, the first problem concerns the required mesh refinement. Mesh must be fine enough to
provide an accurate picture of the stress field in the region of interest at a distance L/2 from the feature.
Due to the extremely localized stress gradients present during fretting fatigue phenomena, the contact
interface requires an extra fine mesh [20,21]. On the other hand, the method requires obtaining stress
values inside the body, which is a time-consuming activity, and one that is difficult to automate.
More recently, Vargiu et al. [22] proposed an alternative approach, TCD with mesh control, which
was applied to notched specimens to overcome the limitations seen with TCD methods. The rationale
behind the proposed method relies on the hypothesis that it is possible to pre-set the element size to
be the multiple of L critical distance such that the hot-spot stress obtained from the simulation can be
used in place of the PS in the normal TCD point method (see Fig. 2).
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Fig. 2. Schematic illustration of the TCD with mesh control concept

This approach potentially avoids two problems: (i) a relatively coarser mesh can be used and (ii) there
is no need to obtain path information to find the PS. This approach was tested using seven different
notch types, and an acceptable accuracy with errors less than 20% when comparing to the original
TCD Point Method approach was obtained [22].
Previous works have analysed different methods to deal with the presence of high stress gradients in
fretting fatigue by using a characteristic length to average the stresses under the contact along a line
or over a volume. For instance, Fouvry et al. [23] used an average of Dang Van’s fatigue criterion
[24] over a critical volume to predict the experimental fretting fatigue performance of Ti-6Al-4V.
The optimal critical volume was found to be 5 µm3. Araújo and Nowell [25,26] analysed the
behaviour of the same alloy applying the Smith-Watson-Topper [27] (SWT) and Fatemi-Socie [28]

(FS) criteria. They found that the average volume required to fit the experimental observation was on
the order of 5 to 20 µm3. Regarding the Al/4%Cu alloy, a cubic of about 50 µm provided the best fit
to the results.
Earlier, Bernardo et al. [17] proposed the use of the finite element itself as the process volume. By
modifying the element size on the x and y axes, they found that the choice of an appropriate mesh
refinement level and element size is able to successfully predict the experimental data. Those studies
suggest that volumetric averaging methods could be a suitable strategy to deal with stress gradients
present in fretting fatigue; however, these methods need experimental validation.
The aforementioned approach of TCD with mesh control, while similar in concept, would present an
advance in the fretting field due to the simplicity of its implementation. This procedure has so far
been tested for notched specimens under proportional stress loading cases, but has not been tested for
its application to fretting fatigue analysis. The fact that high-strength materials subjected to fretting
fatigue phenomena tend to have small critical distance values increases the benefits of applying this
methodology to fretting fatigue phenomena.
Therefore, the present study aims to analyse the viability of using the TCD mesh control approach
for fretting fatigue life prediction. With this objective, the optimum mesh size for fretting fatigue
analysis was evaluated by first conducting a theoretical study using synthetic critical lengths, and
later verified by analysing seventy varying experimental test conditions. The suitability of the selected
optimum mesh size for fretting fatigue lifetime assessment was then evaluated comparing the
obtained results with reported experimental data.

2. Methodology

2.1 Analysis scheme

The traditional way of implementing the TCD by using the PM is to analyse the stresses and strains
at a distance of L/2 from the surface. To accurately define the stress field at the PS, a very fine mesh
size is needed. In this study, the element size was set to be at least four times less than the value of L
in order to obtain robust stress values [29]. On the other hand, the mesh control approach chooses an
element size d relative to L so that the FEA hot spot result is equal to the PS value of the traditional
TCD method. As mentioned in the introduction, this approach overcomes the computational time
problem due to the small element size needed in fretting fatigue cases, and it also eliminates the need

to obtain path information to find the PS, which is otherwise challenging because of the need to
simulate complex geometry parts.
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Fig. 3. Adopted analysis scheme to define the optimum element size d via the TCD with the mesh control
method. FIPTCD= fatigue indicator parameter, calculated using the TCD with the mesh control method.

In this study, the element size d was set to L/5 for the traditional TCD, and in each case the stresses
were recorded at the centroids of the third element layer, which are between the third and fourth nodes
from the surface at a distance of L/2 (see Fig. 3). In the case of the mesh control approach, the element
size was modified between 1 L and 6 L , and each fatigue indicator parameter (FIP, further
described in Section 2.4) result was compared to the target value (which corresponds to the original
TCD method result). This way, the optimum d size (corresponding to a minimum error) was defined
for each case. One important point to be considered in this procedure is related to the scheme used to
translate the stresses from the integration point to the nodes. Each FEA commercial software package
has its own technique and the results may vary from software to software. In this study, the averaged
at nodes technique available in Abaqus FEA was used.

2.2. Summary of experimental data taken from the literature

Experimental data regarding fretting fatigue under cylindrical contacts was taken from the literature
that represents a broad range of test conditions of high strength aluminium and titanium alloys
commonly used in the aerospace industry. In all cases, the cylindrical pads were pushed against a
rectangular dog-bone specimen and a constant amplitude bulk stress was applied to the specimen, as
shown in Fig. 4. A tangential force Q was therefore generated between the cylindrical pad and the
dog-bone specimen.
The first set of experimental data considered in the present study was performed by Szolwinski and
Farris [30] on a single hydraulic actuator machine using Al2024-T351 alloy. Those experiments were
carried out in a partial slip regime with the bulk stress and tangential force being fully reversed (Rσ =
-1 and RQ = -1). In order to study the interaction effects between the variables, they performed several
experiments following the design of experiments (DoE) method. A total of four independent variables
were considered for DoE, namely (i) the normal force P, (ii) the bulk stress σ B , (iii) the ratio between
the maximum tangential force Qmax and normal force P, and (iv) the pad radius rpad.
The second experimental data set was generated by Talemi et al. [31] on a 100 kN EHS servo
hydraulic machine. Talemi et al. [31] employed an aluminium 2024-T3 alloy and the only variable
considered by them was the bulk stress with a positive ratio (Rσ = 0.1). In each test, the tangential
force Q was seen to be proportional to the cyclic remote stress and fully reversed (RQ = -1).
The third experimental data set was from the work of Nowell [32] on Al/4%Cu who performed four
different series of experiments to analyse the influence of the contact half width a, the maximum
normal pressure p0, the fully reversed tangential force, and the fully reversed bulk stress on fatigue
life.
The last experimental data set was produced by Araujo and Nowell [25] on Ti-6Al-4V. In this case,
the only variable considered was the contact width with five different pad radii. The fatigue specimen
was cycled between 0.9 MPa and 280 MPa. Table 1 and Table 2 summarise the test conditions and
the material properties of the reported data.
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Fig. 4. Typical fretting fatigue test rig sketch.

Table 1. Summary of the experimental data [25,30–32].
σbulk

Qmax/P

P

p0

rpad

a

[MPa]

[-]

[N]

[MPa]

[mm]

[mm]

Al2024-T351

81-115.8

0.21-0.52

5201-7226

154-240

127-229

1.21-2.01

Al2024-T3

100-220

0.29-0.59

543

135.75

50

0.92

Al/4%Cu

77.2, 92.7

0.45

291-3497

120-157

12.5-150

0.1-1.14

Ti-6Al-4V

280

0.16

3237-18130

650

12.5-70

0.25-1.42

Material

Table 2. Material properties [25,30–32].
Material

Elastic modulus

Poisson’s ratio

Coefficient of friction

E [GPa]

ν [-]

μ [-]

Al2024-T351

74.1

0.33

0.65

Al 2024-T3

72.1

0.33

0.65

Al/4%Cu

74

0.33

0.75

Ti-6Al-4V

115

0.32

0.55

2.3. Fatigue and critical distances input data

Table 3 presents the material fatigue constants of the materials obtained from the published literature.
The corresponding critical distance values L were computed using the previously shown Eq. 2.

Table 3. Adopted plain fatigue and fracture data. Note: NA is the reference number of cycles to failure.
Material

Ref.

 f'

b

K th ( R  0 )

 0 ( R  1 )

NA

L

[MPa]

[-]

[MPa·m1/2]

[MPa]

[Cycles]

[μm]

Al 2024-T351

[10,33]

714

-0.078

2.1

235

5 108

25.42

Al 2024-T3

[31,34,35]

1194

-0.133

3.2

276

5 108

42.79

Al/4%Cu

[25,35]

1015

-0.11

2.1

248

5 108

22.82

Ti-6Al-4V

[10,36,37]

2030

-0.104

4.2

569

ND

17.34

2.4. Fatigue indicator parameter

In fretting fatigue under incomplete contact, shear stress and normal pressure tend to zero at the crack
initiation zone (trailing edge of the contact). Accordingly, a mode I-based fatigue indicator parameter
was selected for the study. The SWT [27] multiaxial fatigue criterion within the critical-plane
approach was chosen to estimate the location and number of cycles to failure,

SWT   n,max n,a 

 f'2
2b
 2 Nf  ,
E

(3)

where n,max is the maximum normal stress within a fretting cycle,  n,a is the normal strain amplitude
'
(both with respect to the critical plane), Nf is the number of cycles to failure,  f is the fatigue strength

coefficient, and b is the fatigue strength exponent. The plastic part of the equation was not considered
based on the fact that the experimental tests were performed under elastic assumption, and its
contribution was considered negligible.

2.5. FE modelling

The finite element model was developed in Abaqus FEA as a 2D plane strain model similar to [31],
using quadrilateral elements (CPE4). Fig. 5 illustrates a conceptual sketch of the FE model, with an
example of (a) boundary condition (b) and load sequence, which were tailored for each particular
case used in this study.
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Fig. 5. Sketch of FE model: (a) boundary conditions; (b) loading sequence for test FF5 of Talemi et al. [31]
Note: MPC refers to multi-point constraints.

It should be highlighted here that the bulk stress reaction σ R for each time increment was calculated
using the following equation:

 R,i   B,i  Qi  A / 2 ,

(4)

where A is the cross-section area of the fatigue specimen and the subscript i denotes the time
increment.

3. Results and discussion

3.1 Synthetic L data analysis

The value of the critical distance (L) has a strong influence on the lifetime predictions due to the
severe stress gradients found under fretting fatigue conditions. In addition, L may influence the
optimum mesh size when the TCD is applied in combination with the mesh control (MC) method, as
is proposed in this study. Thus, a parametric study with different synthetic critical distance values has
been performed to assess the influence of L on the optimum mesh size when applying TCD with MC.
The study has been performed on the FF5 loading condition of the results reported by Hojjati-Talemi
et al. [31]. As mentioned earlier, Table 1 and Table 2 summarize the loading details and material
properties, respectively
The critical distance values tested in this study (10, 30, 50, 70 and 100 microns) cover a wide range
of L values found in high-strength materials typically employed under fretting fatigue conditions.

First, the target value was set for each L value following the traditional TCD methodology. To that
end, the SWT parameter was calculated at L/2 from the hot spot using a mesh size of 0.2 L . Next,

the SWT parameter was directly calculated at the hot spot using 10 different meshes with an element
size d equal to   L for each L value, being α in a range from 1 to 6, as proposed in the TCD with
MC methodology [22]. Finally, the optimum mesh size value is found for each synthetic L value. Fig.

6 shows the relative mean error in SWT obtained with MC with respect to the traditional TCD for L
values of 10, 30, 50 and 70 (bars represent the maximum and minimum relative error).
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Fig. 6. Summary of the mean predicted relative errors obtained with the TCD method with mesh control with
respect to the traditional TCD method for different element sizes and for all the synthetic studied L values (10,
30, 50 and 70 µm). Note: Errors are expressed as mean values and bars representing the minimum and
maximum values in order to illustrate the entire range of the error that could occur for each element length
considering all cases.

As can be seen in Fig. 6, a smaller SWT value was obtained while using a coarse mesh, due to the
larger averaging effect of the stress gradient. Conversely, erratic behaviour was observed for the
simulations while using a very large critical distance of L = 100 µm (see Fig. 7 (a)).

α = 2.5
b = 38 µm

40%

b

30%
α = 1.8

α = 2.5

Error in SWT [-]

20%
10%
0%
α = 1.8
b = 82 µm

-10%

b

-20%
-30%
-40%
0

1

2

3

4

5

6

α [-]

: Contact edge
: Hot-spot node

(a)

(b)

Fig. 7. Erratic behaviour observed for simulations using large critical distance of L = 100 µm. (a): Relative
errors of the TCD with mesh control with respect to the traditional method for different element sizes (case
of synthetic L = 100 µm). Nodes with different element size show the same relative error in SWT. (b):
Schematic description of the two cases pointed out in the graph where b is the distance from the contact
edge to the hot spot node.

The main reason for this erratic behaviour is that the relative position of the hot spot node with respect
to the contact edge begins to dominate over the mesh size when using large L values. Fig. 7 (b) shows
an example of two cases presenting different element sizes and providing the same SWT values. As
can be observed, even if the bigger element size would be expected to provide a smaller SWT value
(due to the greater averaging), it reports the same value since the hot spot node is closer to the contact
edge. Therefore, the case of L equal to 100 microns was excluded from the present study, and the
following corresponds only to the results shown in Fig. 6.
The mean optimum mesh size found was 1.6 L , giving a mean relative error of 2.9% and a maximum
relative error of 3.4% when compared to the traditional TCD method. It should be noted that the
optimum mesh size for each L size ranged from 1.5 L to 1.9 L , bringing the relative error lower to

1% in all cases. Thus, the predictions can be further improved if the optimum mesh size is evaluated
for each L size individually.
Due to the fact that the aim of the study was to analyse the viability of the proposed method that can
be applied in an industrial framework, the use of a mean optimum mesh size for all cases was
preferred, since a maximum relative error of 4% seems to be acceptable. Accordingly, a mesh size of
1.6 L was selected to test the comparison with experimental data.

3.2 Reported experimental L data analysis
In order to test the robustness of the method, the same procedure described in section 3.1 was carried
out with the reported experimental tests described in section 2.2. In total, seven hundred simulations
were carried out, corresponding to seventy experimental tests analysed with ten different mesh sizes
each.
In Fig. 8, a summary of the relative mean error in SWT obtained with the MC method is depicted
for different mesh sizes. Trends similar to those observed in section 3.1 were obtained, revealing the
minimum error using an element size d  1.6  L . In all cases, the mean error was below 5%, and the

maximum error was below 12%. It is noteworthy that the time reduction when using the MC as
compared the traditional method was up to 97% for the optimum element size of 1.6 L , which is a
considerable decrease in computational requirements.
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Fig. 8. (a) Summary of the predicted errors obtained with the TCD with mesh control method for all cases
under study at different element sizes calculated as a percentage change with respect to the traditional TCD
method. (b) Predicted errors at d  1.6  L . Note: Errors are expressed as mean values and bars representing
the minimum and maximum values in order to illustrate the whole range of the error that could occur for each
element length considering all cases.

3.3

TCD point method vs. TCD with mesh control for fretting fatigue life prediction

For the experimental results listed in Table 3, the estimated vs. experimental number of cycles to
failure diagrams are illustrated in Fig. 9. The predictions were made both by means of the traditional
TCD method (TCD point method) and the novel method under analysis (TCD mesh control).
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Fig. 9. Correlation between predicted and experimental lives for the TCD point method and the TCD with
mesh control method for the four different data sets: (a) Al2024-T351 from Szolwinski and Farris [30];(b)
Al2024-T3 from Talemi et al. [31]; (c) Al/4%Cu from Nowell [32] ;(d) Ti-6Al-4V from Araújo and Nowell
[25].

There appear to be two highlights in the interpretation extracted from the obtained results: (i) the
accuracy of the mesh control approach and (ii) the ability to predict life. In general, similar life

predictions were obtained by using both the traditional TCD and the TCD with mesh control.
Furthermore, the error charts shown in Fig. 6 and Fig. 8 demonstrate that the use of both TCD
approaches (traditional and mesh control) resulted in reliable predictions overall, despite the
assumptions that were made to extract the material information from literature, which will be
discussed later.
It should be noted that a similar prediction accuracy was achieved while significantly reducing the
computing time up to 97 % (without considering the extra time required in the traditional method to
generate a more refined FE model).
However, despite the promising results, some open questions remain in order to determine the range
of validity for the TCD with mesh control approach applied to fretting fatigue, such as the possibility
of extrapolating the selected optimum mesh size to other fatigue indicator parameters or other contact
configurations, as well as applying the analysis in 3D models.
The uncertainty of the presented results related to the material input data (Basquin and critical
distance parameters) taken from literature should also be noted, as these data could be slightly
different from the ones used in the experimental testing. As stated by Taylor [16]: ‘to date no one has
carried out a TCD analysis using test data on both fretting fatigue and conventional fatigue from the
same batch of material in the same laboratory, which would be necessary in order to test and apply
the method with confidence’. A decade later this does not seem to have changed, since recently
published studies used material properties taken from the literature [38,39]. This situation is
presumably motivated by the cost of conducting the required experimental testing, and probably
represents one of the drawbacks of the analysis.
Within the aforementioned limitations, the present study strongly suggests that the TCD mesh control
method can be extended to non-proportional stress problems by a reasonable assumption of setting
the right element size (proportional to critical distance) to overcome the current limitations of the
traditional TCD method. This study highlights the immense potential for studying complex 3D
industrial components and structures subjected to fretting fatigue phenomena using FEA with a
reasonable effort and without resorting to complex and adaptive remeshing techniques. However, in
the analysed cases, the contact zone areas were of the same order. Therefore, the influence of larger
contact areas and the corresponding lower stress gradients cannot be ascertained, requiring further
studies. The follow-on work will be focussed on studying a wide range of materials and contact
conditions in order to determine the optimum element size. Based on the current study, the use of a
d element size of 1.6 L is suggested when using a FE method for the implementation of TCD mesh

control on fretting fatigue life estimation. This value could vary slightly between different FE

software packages because the internal stress averaging procedure is important and might not be the
same for different FE codes.

4. Conclusions

This study analysed the viability of applying the novel TCD with mesh control approach for fretting
fatigue life predictions using FEA to overcome the current limitations of the traditional TCD method.
A total of seventy experimental cases using four different materials were tested as part of this research
work. Based on these results, the following conclusions may be drawn:


The TCD with mesh control approach provided similar Smith-Watson-Topper [27] (SWT) values
such as the mean error = 5 %, maximum error < 12 % and similar life predictions when compared
to the traditional TCD.



The proposed method of TCD with mesh control approach gained significant computational
efficiency as it reduces the simulation time up to about 97% compared to using the original TCD.



Both approaches, the traditional TCD and TCD with mesh control, provided acceptable life
predictions when compared to the experimental results.

The results obtained in the present study strongly support the conclusion that the TCD with mesh
control might be used in practical situations to perform fretting fatigue assessment by simply setting
an element size proportional to the critical distance ( d  1.6  L ). Together with computing the life

calculation at the hot spot, it allows for significant reductions in cost and time. It thus highlights the
potential of studying complex 3D components and structures subjected to fretting fatigue phenomena
using FEA in a cost-effective manner for industrial applications.
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